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Abstract

In this paper we will establish a companion for the generalized Os-
trowski and the generalized trapezoid inequalities, including functions
of bounded variation, Lipschitzian, convex and absolutely continuous
functions, which generalizes Barnett et al.’s some results (N.S. Barnett
et al., Math. Comput. Modeling 50 (2009) 179-187). Applications for
weighted means are also given.

Keywords and Phrases: Generalized Ostrowski type inequalities, General-
ized trapezoid type inequalities, Riemann-Stieltjes integral.

1. Introduction
In 2000, Dragomir [2] answered to the problem of approximating the Stieltjes

integral fabf(x)du(x) by the quantity [u(b) — u(a)]f(z), which is a natural
generalization of the Ostrowski problem [3] analysed in 1937. He obtained the

*2010 Mathematics Subject Classification. Primary 26D10, 26D15.
TE-mail: yangwg8088@163.com
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following result:

T b
<H (ﬁ—a)r\/(f)Jr(b—w)T\/(f)] (1.1)

(o= ay+@=ay1 3V + 3 [V - Vo |

for each x € [a, b], provided f is of bounded variation on [a, b], while u : [a, b] —
R is r-H-Holder continuous, i.e., we recall that:

lu(z) —u(y)| < H|lx —y|" for each z,y € [a,].
From a different view point, the problem of approximating the Stieltjes
integral fab f(xz)du(z) by the generalized trapezoid rule [(u(b) — u(z))f(b) +

(u(z) — u(a))f(a)] was considered by Dragomir et al. [4]. The following in-
equality was obtained:

/ f(@)du(z) = [(u(b) — u() f(b) + (u(x) —ula)) f(a)]

]T V() <HB-a)\/(f)

a

gHB(b—a)nL

for each x € [a, b], provided f is of bounded variation on [a, b] while u : [a, b] —
R is r-H-Holder continuous.

For a Riemann-Stieltjes integrable function f : [a,b] — R and for a given
x € |a, b], it is natural to investigate the distances between the quantities

L L dule) and (0) — u(@)f(b) + (u(x) — u(a))f(a)
1), g J, Jeute) s u(h) ~ u(a

(1.2)



A companion for the generalized Ostrowski 115

respectively, and to seek sharp upper bounds for these distances in terms of
different measure that can be associated with f, where f is restricted to partic-
ular classes of functions including functions of bounded variation, Lipschitzian,
convex and absolutely continuous functions.

The authors of [2, 4] have been given sharp upper bounds for absolute value
between the first quantity and the second, the second and the third in (1.2).

The main aim of this paper is to provide sharp upper bounds for absolute
value of the remaining difference between the first quantity and the third in
(1.2), that is,

x € [a,b]. (1.3)

~—

u(b) — u(a
As applications, some bounds for the absolute value of the difference
- (u(b) = > iy piw(:)) f(b) + (3oiey piu(z:i) — ula))f(a)
(I)f(l') = Zp@f(xz) - ! u(b) _ U(CL) ! ’
i=1

(1.4)
where x; € [a,b], p; > 0,i € {1,2,--- ,n} and X ;p; = 1, are also given.

Remark Using the Stieltjes integral by Dragomir [2], generalization of the
Ostrowski problem [3] was considered, so our results are natural to generalize
some results obtained by Barnett et al.’s some results [1].

2. The case when f is of bounded variation and
v Holder continuous

The following representation holds.

Lemma 2.1 Let f is of bounded function on [a,b] and let T : [a,b]* — R be
given by

(2.1)
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Then we have the following representation,

wf(x):M/a T(e, s)df(s), @ € [a,0)], (2.2)

where the integral is considered in the Riemann-Stieltjes sense.

Proof. If f is bounded on [a,b], the for any ¢ € [a, b], the Riemann-Stieltjes
integral [*df(s) = f(z) — f(a), f; df(s) = f(b) — f(z). Tt follows that

[ 1) = () —ut@) [ )+ ) —u) [ drs)
~ ()~ ula) ¥ (o).
for any ¢ € [a, b]. O

The following provides a sharp bound for the absolute value of W, where
f is of bounded variation and wu is r-H-Holder continuous.

Theorem 2.2 If f : [a,b] — R is of bounded variation and u : [a,b] — R is
r-H-Holder continuous on the interval [a,b], i.e.,

lu(z) —u(y)| < H|lx —y|"  for each z,y € [a,].

Then
T b
Wl £ et Iu(rv)—u(a)l\/(f)+u(w)—u(b)l\/(f)] (2.3)
H x b
<y | VO e Vo) (2.4)
b T b
(@ —a)" + (b— )] [; V) + 3 V) - \m/(f)H ,
DR/ N ST LN O e [(\Iﬂf)) + (Vi) ] .
= Ju(b) —u(a)] i p>1l4lo ‘ ‘ '
L —a)+ |z %bHT\Z/(f),
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for any x € [a,b]. The constant 1/2 is also the best possible in both branches
of (2.5).

Proof. Utilizing the representation (2.2), we have

1 * b
Vs(z)| = ) = u(a)] (u(:c)—u(a))/a df(s)+(u(x)_u(b))/x df (s)

1 [ z b

< (®) — u(a)] _IU(x)—u(a)\ /a df ()| + |u(z) — u(b)| /x df(s)]
1 [ v b

3 Tu(b) — u(a)| _|“($) —U(a)|Y(f) + [u(x) —u(b)|\$/(f)]
H [ v b

- 1u(b) — u(a)] _(95*“) Y(f)+(b$) \!(f)]

which implies the inequalities (2.3) and (2.4).

Combination inequality (1.1) and the above inequality, we have inequality
(2.5).

Now, we prove that The constant 1/2 is also the best possible in both
branches of (2.5). Consider the function fo(t) = |t — (a + b)/2| which is of
bounded variation on [a, b], with fo(a) = fo(b) = (b—a)/2 and \/Z(fo) =b—a.
And wuo(x) = x which is 1-1-Hélder continuous. According to the proof of
the best possibility of the constant in Theorem 1 in [1], the sharpness of the
constant 1/2 in the inequality (2.5) is the best possible. O

As application, we give the case when f and u have some slight variations
as follows.

Corollary 2.3 If f : [a,b] — R is Ly-Lipschitzian on [a, x| and Ly-Lipschitzian
on [x,b], L1, Ly > 0, x € [a,b], while the function u : [a,b] — R satisfies some
local Holder continuous, namely,

lu(t) —u(a)| < Hi|t —al™ for any t € [a, ] (2.6)
and

lu(b) — u(t)| < Ho|lb —t|™ for any t € [x,b] (2.7)



118 Wengui Yang

where Hy, Hy > 0, 1,75 € (—1,400), then

1
|Uyp(x)] < ) — a(@)] [L1|u(z) — u(a)|(z — a) + Laju(z) — u(b)|(b — z)] (2.8)
! ri+1 ro+1
S ] L@ = o HaLa(b =) ] (2.9)
max{H1Ly, Ho Lo} [(SC — a)r1+1 + (b — x)r2+1} :
L ] [(HLy? + (HaLo))P (@ — @)+ (b— @)
S ) =) (2.10)

: 1 1 _ 1.
lf p>1,;+6—1,

max{(z —a)" 1, (b — )2 T} (H Ly + HaLs),

for any x € [a,b)].

Proof. It is well known that if g : [, 5] — R is L-Lipschitzian, then g is
of bounded variation and \/?(g) < L(8 — ). Therefore, by the first inequal-
ity (2.4), we get the corresponding inequality (2.8). Using the local Holder
continuity of the function u, we have inequality (2.9) from (2.8). The other
inequalities follow by the Holder inequality and the details are omitted. O

Corollary 2.4 If f : [a,b] — R is monotonic nondecreasing, while u : [a,b] —
R is L-Lipschitzian on |a,b|, where L > 0, then

IN

Wy ()]

IN
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N~—
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&
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|
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~
—
8
S~—
|
=
S
S~—"
S~—"
+
=
|
8
=
~
—~
=
|
~
~
8
S~—"
=

—
=
8
~—
I
~
—
Q
~—
~—

Q
+
=
(=
~
|
~
—
-
=

Q=

for any x € [a,b].

Proof. It is easy to observe that we obtain Corollary 2.4 by using Theorem
2.2 and Holder inequality, so the details are omitted. O
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3. The case when f is absolutely continuous
and v Holder continuous

When f is absolutely continuous, the following representation holds.

Lemma 3.1 If [ is of bounded function on [a,b]. Then we have the following
representation,

1 b
Y =——— [ T "(s)d b 3.1
@) = s | T@ar s, o€ o (31)
where the integral is considered in the Lebesque sense and where the kernel
T : [a,b]* = R has been defined in (2.1).
We cite the following Lebesgue norms defined in Section 3 in [1] as follows.

b v
IS Nayooi=€ss sup [f(@)], || f' liwbpi= (/ If’(ﬂf)lpdl’) , p>1.

z€la,b]

Theorem 3.2 If f is absolutely continuous on [a,b], u : [a,b] — R is r-H-
Hbélder continuous on [a,b], where H >0 and r € (—1,00). Then we have the
following inequalities:

]. / !/
|Wy(z)] < () = w(a)] [u(@) = u(@)| | f" llja,zp1 +lw®) = w@)| | f @e1] (3:2)
H r / r !/
< ) = a(a)] [(x—a)" | f" gz +O =) || f lz001] (3.3)
H
< MW(@» z € [a, b], (34)

where W (z) is defined by
W( ) { (I - a)TJrl H f/ H[a,z],om Zf f/ € Loo[aa b]
xr) = ol .
(z —a) T | f H[a,x},m if f'e Lp[aabL p> 17é + % =1;
(O =) f lzbloos if f' € Lala, b],
T Ry / . ' 1,1 1.
(b I‘) b H f ||[£U7b}7067 Zf f € La[a’v b]7 a > 17 @ + B - 17

and W (x) should be seen as all four possible combinations.
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Proof. By Lemma 3.1, we have

0] = | ()~ @) ()~ fla)) + ) — )1~ )
= | [~ [0t + i) [ 70305
< i [ @l [ @s ¢ o) - ) [ 170
< e () =@ 7 s )~ a1 7 ]
< |u(b)—Hu(a)| (@ —a) | f' N +&—2)" | £ lzaa] »

for x € [a, b], which implies inequalities (3.2) and (3.3).
Utilizing (3.4) and (3.5) in [1] and the above inequality, we obtain the
desired inequality (3.4). O

Corollary 3.3 If f is absolutely continuous on |a, b], the functionu : [a,b] — R
satisfies some local Holder continuous defined by (2.6) and (2.7). Then we have

) < a0~ @ s +0) =) 7 e
]_ T1 ! ro ,
= M[Hl(fv—co I Naaga +Ha(d =) || f {lep1.1]
1
= T gl

where W (x) is defined by

{ Hl(aj - a)Tl—H H f/ H[a,x},ooa Zf f/ S Loo[aab]
Wi(z) :=

il .
Hl(l'—(l> +q || f/ H[a,x],pa Zf fleLP[a’bL P> 1’%_{—5:1’
Hg(b — ZE)TQJFI || f/ ”[:r,b],ooa Zf f/ € Loo[a7b]7
+ r _’_l . 1 1
Hg(b—l’)Q 8 ” f, ||[x,b],oc7 Zf f/ELa[CL,b], O[>1’a+§:17

and W (x) should be seen as all four possible combinations.

Proof. It is similar to the proof of Theorem 3.2, so the details are omitted. O
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4. The case when f is convex and © monotonic
nondecreasing and bi-Holder

Before giving the case when f is convex and u is monotonic nondecreasing
and bi-Holder, we establish sharp lower and upper bounds for the remaining
differences as follows:

() ;:/ f(@)du(z) — (u(b) — u(a))f(x) (4.1)

Qa(z) := [(u(b) — u(x))f(b) + (u(z) — u(a))f(a)] —/ f(@)du(z).  (42)

Theorem 4.1 If f : [a,b] — R is a convex function on [a,b] with f'(b) and
fi(a) finite, and w : [a,b] — R is monotonic nondecreasing and bi-Holder
function on [a,b], that is,

"gl(y - l.)r < u(y) o U(l’) < "E/ﬂ?(y - x)r’ for x < Yy, T,y € [aabL (43)

where £y, % > 0 and r > —1. Then we have the following inequalities:

- )LL) — Sl - a) ()
<) < (B0 2T L0 - Hlo - L] (44)
and
1 r+1 g1 r+1 g
LA — ) ) - Balw — ) (o)
< Do) £ B0 -0 — Lile — o LW, (45)

where Q1 (x) and Qy(x) are defined by (4.1) and (4.2). The constant 1/(r +1)
1 sharp in both inequalities.
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Proof. First of all, we give the proof of inequality (4.4). It is easy to see
that for any locally absolutely continuous function f : [a,b] — R, we have the
identity

[ttty = wl@)r e+ [ (i) - uie) £ 0
= (u(t) — u(@) (@)~ [ F@)utt) (40

for any = € (a,b), where f’is the derivation of f which exists a.e. on (a,b).
Since f is convex, then it is locally Lipschitzian and thus (4.6) holds. More-
over, for any = € (a,b), we have the inequalities

f'(t) < f'(x) for ae. t€ [a,n] (4.7)
and

F1(t) > fi(x) for ae. t€ [xb]. (4.8)
If we multiply (4.7) by u(t) — u(a) > 0, t € |a,z] and integrate on [a,z], by

(4.3), we get

xT

[ w0 —u@) e < 1 @) [ ) - ue)dt < 1 Bale - @y @) (09)

a

and if we multiply (4.8) by u(b) — u(x) > 0, t € [z, b] and integrate on [z, b],
by (4.3), we get

1
r+1

b b
/ (u(b) — () f (1)t > £ () / (u(b) — u(t))dt > —— L (b 2y L (x).  (4.10)

If we subtract (4.10) from (4.9) and use the representation (4.6), we deduce
the first inequality in (4.4).
Since f is convex, then we have the inequalities
f'(t) > fi(a) for ae. t€ [a,z] (4.11)

and

f'(@t) < f(b) for ae. te€lz,bl. (4.12)
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If we multiply (4.11) by u(t) — u(a) > 0, t € [a,z] and integrate on [a, x], by
(4.3), we get

/ “(u(t) = u(@) £ (Ot > f(a) / “(ut) — u(a))dt > ﬁzl(x —a)" T fl(a)  (4.13)

and if we multiply (4.12) by w(b) — u(z) > 0, t € [z,b], integrate on [x,b] and
integrate on [a, 2], by (4.3), we get

1
r+1

b b
[ @)~ o) s @de < 0) [ @) - )t < S Bl 2B (@19)
If we subtract (4.14) from (4.13) and use the representation (4.6), we deduce
the second inequality in (4.4).

Now we prove that the constant 1/(r + 1) is also the best possible in
inequalities (4.4). Consider the function fo(t) = k|t — (a 4+ b)/2| which is a
convex function on the interval [a, b], where k > 0, ¢ € [a,b]. Then

1 (a;b):—k, L. (“;b):k and fo(a;b):o.

And up(z) = z, then £ = % = r = 1. Thus we have f: fo(t)dt = k(b—a)?/2.
If in (4.4) we choose f = fo, u = up and = = (a+b)/2. According to the proof
of the best possibility of the constant in Lemma 2.1 in [5], the sharpness of
the constant 1/(r + 1) in the inequality (4.4) is the best possible.

Secondly, we give the proof of inequality (4.5). It is easy to see that for
any locally absolutely continuous function f : [a,b] — R, we have the identity

b
+(U(I)—U(a))f(a)—/ f(t)du(t) (4.15)

for any = € (a,b), where f’is the derivation of f which exists a.e. on (a,b).

Since f is convex, then it is locally Lipschitzian and thus (4.15) holds. The
following proof is similar to the proof of inequalities (4.4) and Lemma 2.1 in
[6], so the details are omitted. O

In the following we give sharp lower and upper bounds for the remaining
difference (1.4) when f is convex and w is monotonic nondecreasing and bi-
Holder.
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Theorem 4.2 If f : [a,b] — R is a convex function on [a,b] with f' (b) and
fi(a) finite, and u : [a,b] — R is monotonic nondecreasing and bi-Holder
function on [a,b] defined by (4.3). Then we have the following inequalities:

Tr—a r4+1 g/ a) — % —r r+1 /_ < T
<

; ZL'—CLT—H,;[‘— ] —ZL’T+1/1}
a0 —wa) 2@ T @) = AG—a)TL@)] (4.16)

where Vy(x) is defined by (1.3). The constant 1 is the best possible on both
sides of (4.16).

Proof. From Lemma 2.1,

(u(b) —u(a))®s(z) = (u(z)—ula))(f(z) - f(a))
—(u(b) —u(x))(f(b) = f(x)), x€la,b]. (417)

Let z € (a,b), then, by the convexity of f, we have
(= a)f () > f(z) = fla) = (x — a) ' (a) (4.18)
and
(b—2)fL(b) > f(b) — f(x) = (b—2)fi (). (4.19)

If we multiply (4.18) by u(z) — u(a) > 0 and (4.19) by u(b) — u(z) > 0, we
obtain

(u(z) = u(a))(x = a)f’(z)

and

(@))(f(b) = f(2))
(@) (b= o) fi(x).  (4.21)

(u(b) = u(x)) (b — ) f2(b)

—Uu
—Uu

AVARLY,

By (4.3), the above inequalities can rewrite

Lyla —a) " (@) > (u(z) — u(@)(f(z) - f(a) > Li(e —a)* fl(a) (4.22)
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and
—Z1(b— )" () > —(w(b) — u(@)(f(b) — f(z)) > —La(b—2)"F fL(b). (4.23)

Finally, on adding (4.22) to (4.23), we deduce the desired result (4.16).

Now we prove that The constant 1 is also the best possible in inequali-
ties (4.16). Consider the function fo(t) = k|t — (a + b)/2| which is a convex
function on [a, b], where k > 0, ¢ € [a,b]. Then

f(/k <b) - _k’ f(,]+ (G,) :k’ f(/]* (a;_b) = _k7 f6+ (a;_b> :k'a

fo (“‘2”)> — 0 and fola) = fo(b) = k(b;a).

And ug(x) = x, then 4 = % =r = 1. If in (4.4) we choose f = fo, u = ug
and x = (a+0b)/2. According to the proof of the best possibility of the constant
in Theorem 3 in [1], the sharpness of the constant 1 in the inequality (4.16) is
the best possible. O

5. Some applications

As applications, some bounds for the absolute value of the difference (1.4).

Proposition 5.1 If f : [a,b] — R is of bounded variation and u : [a,b] — R
is r-H-Holder continuous on |a,b]. Then

" b

Vi, G

a

T; —

Dy (2)] < m [%(b— a) +izlpz'

where p; > 0, > pi = 1, the constant 1/2 is also the best possible in both
branches of (5.1).

Proof. We use the third inequality in (2.5) to state:

a+b
2

‘f(a:-) _ (u®) = @) /() + (ulz) = u(a))f(a)
Z u(b) - u(a)
H 1 a—+b r b
< T —a@) [§(b—a)+ = — 1 \a/(f) (5.2)
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fori=1,2,---,n.

If we multiply (5.2) by p; > 0, sum over i = 1 to n, we deduce the desired
result (5.1).

The fact that 1/2 is the best possible follows from the fact that it is the
best possible for n = 1. O

In a similar manner, on utilizing the third inequality in (2.10), we can state
the following result:

Proposition 5.2 If f : [a,b] — R is L-Lipschitzian on [a,b] and u : [a,b] — R
is r-H-Holder continuous on |a,b]. Then

. HL( —a)
NS )~ at)

where p; >0, " p;i = 1.
Finally, on utilizing the inequality in (3.3), we can also state that:

Proposition 5.3 If f is absolutely continuous on [a,b], u : [a,b] — R is
r-H-Holder continuous on [a,b]. Then

[D(z)] < m [Z(ﬂh —a)" || f a1 +Z(b — )" | f']

i=1

[zi,b],1 | »

where p; >0, > " pi = 1.
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Abstract

The purpose of this paper is to study some properties of
W,-curvature tensor in Riemannian and Kenmotsu manifolds.
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1. Introduction

In 1958, Boothby and Wong [1] studied odd dimensional manifolds with contact
and almost contact structures from topological point of view. Sasaki and Hatakeyama
[11] re-investigated them using tensor calculus in 1961. In 1972, K. Kenmotsu studied
a class of contact Riemannian manifold and call them Kenmotsu manifold [7]. He
proved that if Kenmotsu manifold satisfies the condition R(X, Y).R = 0, then the
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manifold is of negative curvature -1, where R is the Riemannian curvature tensor of
type (1, 3) and R(X, Y) denotes the derivation of the tensor algebra at each point of
the tangent space. The properties of Kenmotsu manifold have been studied by several
authors such as De [4], Sinha and Shrivastava [12], Jun, De and Pathak [6], De and
Pathak [3], De, Yildiz and Yaliniz [5], Ozgur and De [10] and many others. In this
paper, we consider Kenmotsu manifold satisfying the conditions R(&, X).W, = 0,
Wa(&, X).R =0, P(&, X).W;, = 0 and W,(&, X).P =0, where W, and P denotes the W»-
curvature tensor and projective curvature tensor respectively. Also we have studied
the W»-curvature tensor in a Riemannian manifold and obtained the relation between
different curvature tensors. In last section, we have shown that the W,-curvature
tensor in a Kenmotsu manifold M" is irrotational if and only if R(X, Y)Z = g(X, Z2)Y-

gY, )X + ﬁ {nX(VZQY) -n(YV)(V, QX5

2. Preliminaries

If on an odd dimensional differentiable manifold M" (n = 2mt+1), of
differentiability class C™', there exists a vector valued real linear function ¢, a 1-form
1, the associated vector field & and the Riemannian metric g satisfying

¢’X = -X + n(X)E, (1)
n(eX) =0, (2
g(0X, 9Y) = g(X, Y) - n(X) n(Y), (3)

for arbitrary vector fields X and Y, then (M", g) is said to be an almost contact metric
manifold [2] and the structure (o, &, 1, g) is called an almost contact metric structure
to M".

In view of equations (1), (2) and (3), we have

n(©) = L, gX, & =n(X), ¢(5) = 0. 4
An almost contact metric manifold is called Kenmotsu manifold [7] if

(Vxo) = n(Y)oX - gX, ¢Y)S, &)

(Vx) = X—n(X)g, (6)

(Vxn(Y) = g(X, Y) - n(X) n(Y), (7)

where V is the Levi-Civita connection of g. Also the following relations hold in
Kenmotsu manifold [3], [5], [6]
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R(X, Y)E=n(X)Y - n(Y)X, ()

R(E X)Y = n(V)X - g(X, Y)§=-R(X, §)Y, ©)

NR(X, Y)Z) = n(Y)e(X, Z) -n(X)g(Y, Z), (10)

S(X, &) =-(n-1) n(X), (11)

Q¢ = - (n-1)¢, (12)
where Q is the Ricci operator, i.e. g(QX, Y) =S(X, Y) and

S(¢X, 9Y) = S(X, Y) + (n-1) n(X)n(Y), (13)

for arbitrary vector fields X, Y, Z on M".
A Kenmotsu manifold is said to be n-Einstein if its Ricci tensor S is of the form
S(X, Y) =ag(X, Y) + b n(X)n(Y) (14)
for arbitrary vector fields X and Y, where a and b are smooth functions on M".

Projective curvature tensor P, concircular curvature tensor C and the conformal
curvature tensor V are given by [8]

P(X,Y)Z=R(X, Y)Z - Ll [S(Y, 2)X - S(X, 2)Y]. (15)
—

P( Y)Z = -{g(Y, Z) +ﬁ S(Y, Z)}¢, (16)

P(X, Y)E = 0. (17)

r

C(X, Y)Z=R(X, Y)Z - {e(Y, 2)X - gX, Z)Y }. (18)

n(n—1)
VX, Y)Z
= R(X,Y)Z - % {S(Y, 2)X -S(X, 2)Y + g(Y, Z)QX - g(X, 2)QY}
n—

r
+ m {g(Y, )X -g(X,2)Y}. (19)



132 R. N. Singh, S. K. Pandey and Giteshwari Pandey

3. W, — Curvature Tensor of a Kenmotsu Manifold

Pokhariyal and Mishra [10] have defined a new curvature tensor "W, as

"WoX,Y,Z,U)=R(X,Y,Z, U)+ % [g(X, Z2)S(Y, U) —g(Y, 2)S(X, U)],
n—

(20)
for arbitrary vector fields X, Y, Z and U, where S is the Ricci tensor of type (0, 2) and
"Wo(X, Y, Z, U) = g(WxAX, Y)Z, U) and R(X, Y, Z, U) = g(R(X, Y)Z, U)

called W»-curvature tensor of M".

Proposition: On an n- dimensional Kenmotsu manifold M",

nwX, Y)Z) = 0.

Proof: From equation (20), we have
WX, V)2 = R(X, Y)Z + ——[¢(X, Z)QY - g(Y. 2)QX]. 1)

n—
Taking the inner product of above equation with & and using equations (10), (11)

and (12), we get
n(WaX, Y)Z) =0. (22)

Theorem 1: On an n- dimensional Kenmotsu manifold M",
R X). W, = 0if and only if W, = 0.

Proof: Let on an n- dimensional Kenmotsu manifold R(§, X).W; = 0, then

R(E, X)Wa(Y, Z)U - Wa(R(E, X)Y, Z) U - Wa(Y, R(E, X)Z)U - W»(Y, Z)R(E, X)U =0.
(23)

From equations (9) and (23), we have
(WY, 2)U)X - 'Wa(Y, Z, U, X)¢ - n(Y)Wa(X, Z)U
+g(X, Y)W2(E, 2)U - n(2)Wa(Y, X)U + g(X, Z)Wa(Y, U
—n(U)Wa(Y, 2)X + g(X, UYWa(Y, Z)§ = 0. (24)
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Taking the inner product of above equation with &, we get

N(Wa(Y, Z)U) n(X) - 'W(Y, Z, U, X) -n(Y) n(Wa(X, Z)U)
+g(X, Y) i(Wa(& Z)U) - n(Z) n(Wa(Y, X)U)
+g(X, Z) n(Wa(Y, §U) —n(U) n(Wa(Y, 2)X) + g(X, U) n(Wa(Y, Z)Z) =0,
(25)
which on using equation (22) gives
'"Wa(Y, Z, U, X) =0,
ie. W, =0.
Conversely, suppose W, = 0, then from equation (23), we have
R(&, X).W, = 0.
This completes the proof.

Theorem 2: An n-dimensional Kenmotsu manifold M" satisfying W>(&, X).R = 0, is
an Einstein manifold.

Proof: Let W»(E, X).R = 0, then we have
Wa(&, X).R(Y, Z)U — R(W2(&, X)Y, Z)U — R(Y, W2(§, X)Z)U
-R(Y, Z) W1 (&, X)U = 0. (26)

Now putting X = & in equation (21) and using equations (9) and (12), we obtain

1
W&, Y)Z=n(D)[Y + = QY].
(27)
Now from equations (26) and (27), we have

NR(Y.Z)U) (X + i_l QX} — n(Y){R(X, 2)U + %1 R(QX, Z)U}

-nN(Z){R(Y, X)U +L1 R(Y, QX)U} - n(U){R(Y, 2)X + Ll R(Y, 2)QX}
n— n—

=0, (28)
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which on taking the inner product with § and using equations (4), (11) and (12) gives

-nU){n@)egX, Y) -n(Y)gX, 2)} - i M@)SX, Y) -n(YV)S(X, Z)in(U) =0.

(29)
Putting U = Z = & in above equation and using equations (4) and (11), we get

S(X, Y) = (1-n) g(X, Y), (30)
which shows that M" is an Einstein Manifold.

Theorem 3: An n-dimensional Kenmotsu manifold M" satisfying P(Z, X).W> = 0, is an
Einstein manifold.

Proof: Let P(§, X).W, =0, then
P(E, X)Wa(Y,Z)U - Wa(P(E, X)Y, Z)U - Wa(Y, P(&, X)Z)U
- Wa(Y,Z2)P(E, X)U = 0. (31)
Using equations (11) and (16) in above equation, we have
WY, Z, U, X8 - WY, Z, U, QX5
n—
1
+{gX,Y) + = S(X, Y)§Wa(&, 2)U
n—

T {g(X.2) +ﬁ S(X, Z ) Wa(Y, &)U

Fg(X, U) + Ll S(X, U Wa(Y, Z)E =0. (32)
—

Now taking the inner product of above equation with & and using equation (22),
we get

'Wa(Y, Z, U, QX) = (1-n) 'Wa(Y, Z, U, X),

which on using equation (21), gives
g(QX, R(Y, Z)U) + i {g(Y, U)g(QX, QZ) — g(Z, U)g(QX, QY)}
= (I-n)[ g(X, R(Y, Z2)U) + ﬁ {g(Y, U)g(X, Q2) - g(Z, U)g(X, QY)}].

Putting Z = U = £ in above equation and using equations (4), (8) and (11), we get
-S(X, QY) =2(n-DS(X, Y) + (n-1)°g(X, Y),
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which on using equation (11), gives
S(X, Y) = (I-mg(X, Y).
This completes the proof.

Theorem 4: An n-dimensional Kenmotsu manifold M" satisfying W»(&, X).P = 0, is
an Einstein manifold.

Proof: Let W,(&, X).P =0, then we have
W&, X)P(Y, Z)U — P(W,(&, X)Y, Z)U — P(Y, Wa(&, X)Z)U
—-P(Y, Z)W,(&, X)U =0, (33)
which on using equation (27), gives
A(P(Y, Z)YU) X + —— QX} -n(Y){P(X, Z)U + ——P(QX, Z)U}

-(Z){ P(Y, X)U + Ll P(Y, QX)U} - n(U){P(Y, Z)X + Ll P(Y, Z)QX} = 0. (34)
n— n—

Now taking the inner product of above equation with & and using equation (11),
we get
1
N {nPX, 2)U) + il (P(QX, 2)U)}

@) { n(P(Y, X)U) + ﬁ n(P(Y, QX)U)}

+ (U {n(P(Y, 2)X) + ﬁ n(P(Y, 2)QX)} = 0. (35)

Putting U = Z = & in above equation and using equations (15), (16) and (17), we
get
S(QX, Y) = (n-1)’g(X, Y),
which on using equation (11), gives
SX, Y) = (1-n)g(X, Y).
This completes the proof.

Theorem 5: The W,-curvature tensor and projective curvature tensor of the
Riemannian manifold M" are linearly dependent if and only if M" is an Einstein
Manifold.
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Proof: Let
Wo(X, Y)Z=aP(X,Y)Z,

where o being any non-zero constant. In view of equations (15) and (21), above
equation assumes the form

! - 8(X. 2)QY - &(Y. 2)QX} + % {S(Y, 2)X - S(X, )Y} =0,

(1- 0) R(X, Y)Z + ——
.

which can be written as

(1- ) R(X, Y, Z, U) + Ll {o(X, Z)S(Y, U) - g(Y, Z)S(X, U)}
i

+ Ll £S(Y, Z)g(X, U) - S(X, Z)g(Y, U) } = 0.
P

Now putting X = U = ¢; in above equation and taking summation over i, 1 <i<n,
we get

(1-a) S(Y, Z2) + Ll {S(Y,Z2)-rg(Y,Z)}+ Ll {n S(Y, 2)- S(Y, 2)} =0,
n— n—

ie. S(Y,2)="e(Y,2) = Qy="y,
n n
which shows that M" is an Einstein manifold.

Conversely, let M" be an Einstein manifold, i.e. S(Y, Z) = L g(Y, Z) and QY =
n

r Y, then from equations (15) and (21), we have
n

Wa(X, Y)Z = a P(X, Y)Z.

Theorem 6: A necessary and sufficient condition for a Riemannian manifold M" to
be an Einstein manifold is that the W>-curvature tensor and concircular curvature
tensor C are linearly dependent.

Proof: Let W(X, Y)Z=0aC(X, Y)Z,

where o being any non-zero constant. In consequence of equations (18) and (21), we
have

(I- ) R(X, Y)Z + ﬁ 12X, Z2)QY - g(Y, 2)QX }
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ar
n(n—1)

+ {e(Y,2)X - g(X, 2)Y }=0,

from which, we get
(1_ (1) 'R(Xo Ya Za U) + Ll { g(Xa Z)S(Ya U) - g(Ya Z)S(X7 U) }
n—

ar
n(n—1)

+

Now putting X = U = ¢; in above equation and taking the summation over i, 1 <i
<n, we get

(n-D(1-a)+1 S(Y. Z) + {(n=Da—n}r
(n—1) n(n—1)

which can be written as

g(Y,2)=0,

S(Y, 2) - Sg(Y, 2).

{(n—-Da—n}r
{(n—1)(a—-1)+1}

manifold. Converse part is obvious from the equations (18) and (21).

where k= . This shows that Riemannian manifold is an Einstein

Theorem 7: A Riemannian manifold M" becomes an Einstein manifold if and only if
conformal curvature tensor and W-curvature tensor of the manifold are linearly
dependent.

Proof: Let Wo(X, Y)Z=0a V(X, Y)Z.

The above equation on straight forward calculations, gives

(1I-a) R(X,Y,Z,U)+ Ll {g(X,Z2) S(Y, U) —g(Y, Z2) S(X, U)}
n—

+ ﬁ {S(Y, 2) g(X,U) -S(X, Z) g(Y, U) + g(Y, 2)S(X, U)
n—

ar
(n—1(n-2)
Now putting X = U = ¢; in above equation and taking summation over i, 1 <i<n,
we get
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(1- @) S(Y. Z) + Ll (S(Y, Z) -t (Y, Z)}
—

a

(n—=2)

+

mS(Y, Z) - S(Y, Z) + r g(Y, Z) - S(Y, Z)}

ar —
- m {1’1 g(Y’ Z) - g(Y’ Z)} - 0’

which reduces to
r r
SY,2)=— g(Y,Z2) = QY =—Y.
n n
This shows that Riemannian manifold is an Einstein manifold. Converse part is

obvious from equations (19) and (21).

Corollary: In an n-dimensional Riemannian manifold M", the following statements
are equivalent-

(i) M" is an Einstein manifold,
(ii) W,- curvature tensor and projective curvatures are linearly dependent,
(iii) W>- curvature tensor and concircular curvature tensors are linearly dependent,

(iv) W- curvature tensor and conformal curvature tensors are linearly dependent.

4. The Irrotational W,-Curvature Tensor

Definition: Let V be a Riemannian connection. The rotation (Curl) of W,-
curvature tensor on Riemannian manifold M" is defined as

RotW, = (V, Wo)(X, Y)Z +(V , W2)(U, Y)Z
+(V, W)X, U)Z - (V, W)X, Y)U. (36)

In consequence of Bianchi's second identity for Riemannian connectionV ,
equation (36) becomes

RotW, = - (V,Wy)(X, Y)U. (37)
If the W,-curvature tensor is irrotational, then curl W, = 0 and hence

(V,Wa)(X, Y)U =0,



On W,-Curvature Tensor in a Kenmotsu Manifold 139

which gives
V,(Wa(X, Y)U)=Wo(V, X, YU+ Wr(X, V,Y)U + Wa(X, Y)V,U. (38)

Theorem 8: The W,-curvature tensor in a Kenmotsu manifold M" is irrotational if
and only if

RX, V)Z =g(X, H)Y-g(Y, )X + ﬁ{’?(X)( V) -n)(V,0(X) }.

In particular, if n(X)( V,Q)(Y) = n(Y)( V,Q)(X), then the manifold is locally
isometric to the hyperbolic space H"(-1).

Proof: Let W,-curvature tensor in M" be irrotational then putting U = & in equation
(38), we get

V, (WX, Y)E =WV, X, Y)E+ WX, V,Y)E + WiX,Y)V,E (39)

Putting Z = & in equation (21) and using equations (4) and (8), we get
Wa(X, Y)E= {n(X)Y - n(Y)X} + ﬁ {n(X)QY - n(Y)QX . (40)
Using above equation in equation (39), we obtain
(Vz XY - (V, ;)X + ﬁ {(V, mX)QY - (V, m)(Y)QX
XNV QY) -n(Y)(VQ(X) }
= Wa(X, Y)Z -n(Z)[{ n(X)Y - n(Y)X}+ ﬁ {nX)QY -n(Y)QX }], (41)
which on using equation (7) gives
gX, 2)Y -g(Y, )X + ﬁ {2(X, 2)QY - g(Y, 2)QX +n(X)(V, Q)(Y)
-nY)(V,Q)(X) § = Wu(X, Y)Z. (42)
Using equation (21) in above equation, we have

RX, Y)Z=gX,2)Y- g(Y, )X + ﬁ {InXO(VZQ() -n(N(V,QX) . (43)

Conversely, retreating the steps, we can show that Wj-curvature tensor is an
irrotational.
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Now if n(X)( V, Q)(Y) =n(Y)( V,Q)(X), then equation (43) reduces to

R(X, Y)Z =-(g(Y, D)X - gX, 2)Y),

which shows that Kenmotsu manifold is locally isometric to hyperbolic space H"(-1).
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1. Introduction

In the theory of error correcting codes, burst errors have played a dominant
role amongst the several kinds of errors (refer Abramson (1959), Fire (1959)).
A burst of length b is defined as follows:

Definition 1. A burst of length b is a vector whose only non-zero components
are among some b consecutive components, the first and the last of which are
non-zero.

It was observed by Chien and Tang (1965) that in many channels errors
occur in the form of a burst but do not occur towards the end digits of the
burst. They modified the definition as follows:

Definition 2. A burst of length b is a vector whose only non-zero components
are confined to some b consecutive positions, the first of which is non-zero.

There are cetain channels viz. studied by Alexander, Gryb and Nast (1960)
which deals with such bursts commonly known as CT bursts.

A further modification to this definition was made by Dass (1980) which
is useful for channels not producing errors near the end of a code word and is
as follows:

Definition 3. A burst of length b(fixed) is an n-tuple whose only non-zero
components are confined to b consecutive positions, the first of which is non-
zero and the number of its starting positions in an n-tuple is the first n —b+1
positions.

In situations like lightning or other similar disturbances which introduce
burst errors usually operate in a way that, over a given length, some digits are
received correctly while others get corrupted i.e. errors occur in the form of
low-density bursts. The study of low-density bursts was initiated by Wyner
(1963). Further study on low-density burst error correcting codes has been
made by Sharma and Dass (1974), Dass (1975), Dass (1983) and others.

As has been observed that in very busy communication channels errors
repeat themselves, Dass and Garg (2009) studied 2-repeated burst errors of
length b(fixed) and this concept was generalized for m-repeated bursts of length
b(fixed) by Dass, Garg and Zannetti (2008a). Further results have also been
obtained by Dass, Garg and Zannetti (2008b).

Different situations demand development of codes which correct those er-
rors that are repeated burst errors of specified length, i.e., repeated low-density
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burst errors of length b(fixed) with weight w or less. Such 2-repeated low-
density burst errors and also the general case of m-repeated bursts have been
studied by Dass and Garg (2011). An m-repeated low-density burst of length
b(fixed) with weight w or less (w < b) has been defined as follows:

Definition 4. An m-repeated low-density burst of length b(fixed) with weight
w or less is an n-tuple whose only non-zero components are confined to m
distinct sets of b consecutive positions, the first component of each set is non-
zero where each set can have at the most w non-zero components (w < b), and
the number of its starting positions in an n-tuple is among the first n —mb+1
positions.

In particular, 2-repeated low-density burst error of length b(fixed) with
weight w or less becomes as follows:

Definition 5. A 2-repeated low-density burst of length b(fixed) with weight
w or less is an n-tuple whose only non-zero components are confined to two
distinct sets of b consecutive positions, the first component of each set is non-
zero where each set can have at the most w non-zero components (w < b), and
the number of its starting positions in an n-tuple is among the first n —2b+ 1
positions.

It may be noted that according to Definition 5, when the first low-density
burst of length b(fixed) with weight w or less starts from the first position of
the vector then the second low-density burst of length b(fixed) with weight
w or less is in the last n — b components. When the first low-density burst
of length b(fixed) with weight w or less starts from the second position of
the vector then the second low-density burst of length b(fixed) with weight w
or less will be in the last n — b — 1 components. In general, when the first
low-density burst of length b(fixed) with weight w or less starts from the i-th
position, then the second low-density burst of length b(fixed) with weight w
or less will be in the remaining last (n —b — ¢ 4+ 1) components where ¢ can
take the values from 1 to n —2b+ 1 since the starting positions are among the
first n — 2b+ 1 components. Further, in the last 2b — 1 components only single
low-density burst of length b(fixed) with weight w or less can exist, with the
starting positions to be atmost upto n — b + 1.

Lower bound for the correction of m-repeated low-density bursts of length
b(fixed) with weight w or less (w < b) has been obtained by Dass and Garg
(2012). In the same paper, an upper bound for codes which can detect such
errors has also been obtained.



146 Bal Kishan Dass and Poonam Garg

This paper has been organized as follows:

In section 2, an upper bound for the existence of linear codes that can
correct any 2-repeated low-density burst errors of length b(fixed) with weight
w or less is given. The paper concludes with an illustration of such a code.

In what follows a linear code will be considered as a subspace of the space of
all n-tuples over GF'(q). The distance between two vectors shall be considered

in the Hamming sense.

2. Bound for codes correcting 2-repeated low-
density burst errors

In this section, we derive an upper bound on the number of parity-check dig-
its that assures the existence of a code capable of correcting 2-repeated low-
density burst errors of length b(fixed) with weight w or less. The proof involves
a technique given by Dass (1983) which is a suitable modification of the tech-
nique used by Sacks (1958) in establishing the well-known Varsharmov-Gilbert
bound. Before deriving the main result, we state below a result obtained by

Dass and Garg (2012, Theorem 1) to be used.

Result. An (n, k) linear code over GF(q) that corrects m-repeated low-density
bursts of length b(fixed) with weight w or less (w < b) must satisfy:

=3 (") @ i - e,

- 1
=0

where [1+ 2]t = 14 (T)u @)x? ot (m)w
T

We now derive the following theorem:
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Theorem 1. Given positive integers w and b such that w < b, there exists an
(n, k) linear code that corrects all 2-repeated low-density burst errors of length
b(fixed) (n > 4b) with weight w or less provided that

¢ > (L (- D)ThTY)

1
3
X{Z (”_ i+1) b“) (= 1)1 + (g — D]iC=1w=D
=0
n—4b+4+1 b—1

+ Z: {Z{Ll(b,kz,’/’4,’/’5,’r‘6)

i=1 ko=1

x{(n —4b+ky —i+2)(g—1)[1+ (¢ — 1)}<b—1vw—1>}}}

b—1

Py {Z{Ll(b,kz,r4,r5,r6)

i=n—4b41+k3 ko=ks

1<kg<b—1
x{(n—4b+k2—i+2)(q—1)[1+(q—1)}(b_1’w_1)}}}
n—4b+1
I ORICEIIENEIE
b—1
x{(n—4b—i+2) Z Ly (b, k2, 74,75, 76)
ko=1
b—1
+ > L1(b,k2,7“4,7“5yr6)}}
ko=k3
1<kg<b—1
b—1
+{((q—1)[1+(q—1)](b_1’w_1)) Z Ll(b,kz,m,%,%)}
ko=ky
1<ky<b—1
b—1 b—1
+(n—3b+1)ZLl(b,kQ,T4,T‘5,T‘6)+ Z Ly(b, ko, 74,75,76)
ko=1 ka=kq
1<ky<b—1
+(n —4b+ 3) Z L3(b, ks, ke, 7,78, 79,710,711)
ks5,ke

1<kg<b—1
1<ks <b—kg

+ Z L3 (b, ks, ke, 77,78, 79,710, 711)
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+ > LS(ILk5,k6,7“77T8,T9,T10,T11)}

i1,ks ke

1<iq <b—2

1<kg<b—1
i1+1<k5<b—kg

. bi {L(b,khmmm){i <n— (2+¢)§>+ (k1 —H’))

k=1 i=0
x(q— 1)1+ (qg— D)1 =D 4 (n—db+ ky +1)

b—1 b—1
X Y La(b ko, rasrs,re) + Y Ll(b,k2,T4,T5,7‘6)}}

ko=1 ko=ks

1<k3<b—1
+ Z La(b, ks, ke, 77,78, 79,710, T11)
ks, ke
1<kg<b—1

1<ks <b—kg
x {1+ (n—4b+ ks + ke + 1)(q — D1 + (¢ — )]~ =V}
+ Y La(b, ks, ko, k10,712,713, 714, 715, T16, 717, T18)-

kg.kg.k10
1<kig<b—1
1<kg<b-—kig
1<kg<b—kg

L+a]™) =14 (" )a+ ()24 + (),
1 2 T
L(bak1,7”177‘2,7“3)

_ ¥ b—Ik\ [k —1\ [b—Fki —1 (g 1)
1 s rs ’

T1,72,73

Ll(b7 k?a 4,75, TG)

_ Z b— kg k'Q -1 b— kQ -1 (q o 1)T4+7’5+T6+2
T4 s Te 7

T4,75,T6

LZ(bv k5a kﬁ: T7,78,79, 710, /rll)

B Z <b—k5) <k5—1)(b—k5—k6)(k6—1)
r7,T8iTg, r7 rs T9 T10

710711

y (b — k6 — 1) (q . 1)r7+rg+r9+7’10+7’11+2’

11

where
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L3(b7 k5a kﬁar7ar87T9aT10arll)

B Z (b—k5> <k5—1> <b—k5—k6> <k6—1>
S —— 7 s T9 T10

710-711

X <b _flﬁl_ 1) (g — 1) Hrstrotriotritd,

Ly(b, ks, ko, k10,712,713, 714, 715, 7165 717, T18)

B Z <b—kg> (k:g— 1) <b—kg —k9> (k:g— 1) <b—k9 —km)
712 713 T14 15 16

T125-.-,718

% (klo - 1> (b - klO - 1> (q . 1)7“12+T13+T14+T15+T16+7’17+7'18+3
ri7 718

with
0<rm<w—-1,0<r<2w-20<rs<w-—1,
ro+r3>w—1,7r +ry+ry < 2w — 2,
0<<w—-1,0<r;<2w—-2,0<rs <w-—1,
rs+re > w—1,r44+715+1r5 <20 — 2,
0<m<w—-1,0<rg<20w—-2,0<rg<w—-1,0<rp < 2w -2,
0<rn<w—-1rp+rm>w—1,rs+r9g+ryo+ry>2w—2,
r7+ 18+ 19+ 110+ 111 < 3w — 3,
0<rp<w-1,0<r3<2w-20<ry <w-1,
0<rs<2w—-20<rg<w—1,0<r;<2w—-2,0<rg<w-—1,
ri7+ 1 > w— 1,
T15 + 716 + 717 + 718 2> 2w — 2,
T3+ T+ 715+ rie + 17+ ris > 3w — 3,
T12 + 713 + 114 + 715 + 116 + 17 + 118 < Adw — 4

Proof. The existence of such a code will be shown by constructing an appro-

priate (n — k) X n parity-check matrix H. Firstly, we construct a matrix H’
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from which the requisite parity-check matrix H shall be obtained by reversing
the order of its columns altogether. Any non-zero (n — k)-tuple is chosen as
the first column h; of H’. Subsequent columns are added to H’ such that
after having selected the first j — 1 columns hy, ho, ..., hj_1, the jth column
h; may be added provided that it is not a linear combination of any w — 1 or
fewer columns from amongst the immediately preceding b — 1 columns and w
or fewer columns from amongst any b consecutive columns from the first j — b
columns, together with any two sets of w or fewer columns, each chosen from
a distinct set of b consecutive columns from amongst all the j — 1 columns
(note that b consecutive columns here do not include less than b columns).

In other words, h; may be added provided that

hj 7£ ajlhjl + ajzhjz +.o.+ Oéjwflhjwfl + 67’1]17“1 + ﬁmhm +.o+ /Brwh"'w

e hey + ey by + oA Ve, hey, + Op iy + Opylpy + o+ Oy, By, (2)

where the h;,, hj,,..., hj,_, are any w — 1 columns among h;__1), hj—_—2),
..., hj_iy and h,, hy, hy, are any w columns each from three sets of b consecutive
columns such that one of the sets of b consecutive columns is amongst the first
j — b columns, and the other two sets of b consecutive columns are distinct
and from amongst all the j — 1 columns.

It may be noted that either all 3,, ¢, 9, are zero or if /3, is the last non-zero

coefficient of the first set of b consecutive columns, then
b<t<j—ba b, V0, are in GF(q). (3)

Also if v4,, is the last non-zero coefficient of the second set of b consecutive

columns, then

b<t;<j—1. (4)
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The restriction t; < j — 1 is obviously satisfied since the selection of the
columns is out of all the j — 1 previously chosen columns.

The condition (2) ensures that there would not be a code word which is
expressible as sum or difference of two vectors, each of which is a 2-repeated
low-density burst of length b(fixed) with weight w or less.

To enumerate all possible linear combinations on the R.H.S of (2), there
are as many as 9 different cases to be examined, We analyze these as follows:
Case 1. When h; are selected from hj_ypi1, hj_pio,. .., hj—1 and the h,, hy, hy
are selected from three distinct sets of b consecutive columns from amongst the

first j — b columns.

—> +—> +—> +—>
| | | | | | (| |
I I I I I 1 [ I

Jb j-bt1 #1

In this case, the number of ways in which coefficients a; can be selected is
[+ (¢ = p]Pteh. (5)

The number of ways in which the ,, 74, d, can be selected is equivalent to
enumerate the number of 3-repeated low-density bursts of length b(fixed) with
weight w or less in a vector of length j — b, which is (refer Theorem 1, Dass

and Garg (2012))

S (YT ) @ e - e, ()

(4
=0

Therefore, the total number of choices of coefficients in this case is

[1+<q—1>]<b—1’”—”{i (T -y - e )

i
i=0
Case 2. When the h, are selected from h;_opia, ..., hj_1 such that all the h,

are neither taken from hj_opi, ..., hj_y nor from hj_pi1, ..., hj_y i.e. the last
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hy is among hj_yi1, ..., hj—1. The h, and h; are selected from two distinct sets

of b consecutive columns among the first 7 — 2b+ ki columns, 1 < ky <b—1.

—>
—> —> —>
| | | | | | | |

1 I I I K 1
F2b  F2b+14k b gl JbER g1

In this case, the coefficients 9, are selected from b consecutive components
as w or less non-zero components, which starts from the (j — 2b + 1 + ky)-th
component which may obviously continue upto (7 — b + kp)-th component.
We shall first select w — 1 or less non-zero components among (7 — 2b + 1 +
ki,...,5 — b+ k; — 1)-th positions, the (j — b+ k;)-th component is non-zero,
together with w —1 or less non-zero components among (j —b+1,...,j—1)-th
positions. Now the aim is to select the coefficients g, and 7, which are w or
less non-zero components each selected from a distinct set of b consecutive
components among the first j — 2b + k; positions, 1 < k; <b— 1.

In order to do so, let us choose r components from the (j — 2b + ky +
1,...,j—b)-th positions, 5 components from the (j—b+1,...,7—b+k; —1)-
th positions and r3 components from the (7 —b+k;+1,...,j—1)-th positions,

where

0<rm<w-1, 0<r<2w-2, 0<r3<w-—1. (8)

(j-b+k,)-th component
is non-zero

<
<

»
»
l l l l l l

T T
2 FRbELER b b okl | b F1
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Keeping in view the situations considered in case 1, r1, 9, 3 should be such

that
T2+7“32’LU—1,7‘1+7“2+7“3§21U—2. (9)

Such a selection of coefficients gives us
Z b—Fky\ (k1 —1\[(b—Fk —1 (g — 1y
Tl T2 T3
T1,72,73
possible linear combinations where 71, ro, r3 each satisfy the constraints stated
in (8) and (9). Also, the (j — b+ k;)-th component can be selected in (¢ — 1)
ways, therefore selection of coefficients give us
b—k kv —1\ [(b—Fk —1
Z ( 1) ( 1 ) ( 1 )(q o 1)r1+r2+7°3+1 (10)
T1 ) T3
T1,72,73
choices.

Suppose L(b, k1, r1,r2,73) represents the expression in (10) with conditions
in (8) and (9). Now to select f3, and 7y, it is equivalent to enumerate the
number of 2-repeated low-density bursts of length b(fixed) with weight w or
less in a vector of length j — 20+ k1, which gives us (refer Theorem 1 for m =2,

Dass and Garg (2012))

> (U —2tk) —ib Z) (q— 1)L+ (g — )b, (11)

1
i=0
Therefore in this case, the total number of choices of coefficients turns out
to be
b—1
> {(expr. (10)) - (expr. (11))}. (12)
k=1
Case 3. When the h, are selected from h;_opia, ..., hj_1 such that all the h,

are neither taken from hj_opi o, ..., hj_y nor from hj_pi1, ..., hj_1, i.e the last
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hy is among hj_py1,...,hj—1. The h, and hy are selected together from 2b — 1
or fewer consecutive columns (but from b+ 1 or more) which are taken from

first j —2b+ ki columns, 1 < k; <b—1.

f non-zero component
non-zero component

< »
< »

< »

— « Ll
] | | L1 | |

| | 1 | |
F20+1 F2b+kA1 b b+l btk #1

A

In this case, the coefficients 9, are selected from b consecutive components
as w or less non-zero components, which starts from the (j — 2b + 1 + ky)-th
component which may obviously continue upto (j — b+ k1)-th component. We
shall first select w — 1 or less non-zero components from amongst (j —2b+ 1+
ki,...,5 — b+ k; — 1)-th positions, the (j — b+ k;)-th component is non-zero,
together with w — 1 or less non-zero components amongst (j —b+1,...,j—1)-
th positions. Such a selection of coefficients ¢, and «;, following the procedure
as in case 2 gives rise to the number of choices of coefficients 6, and «; as
L(b, k1,171,179, 73) with the constraints stated in (8) and (9). The coefficients
B, and ~, are selected following the same procedure as in case 2. The last
non-zero coefficient of 7, can be selected in (¢ — 1) ways, thus such a selection

of coefficients (3, and ~, gives us

Y O G

ko=1174,r5,16

choices,

where 0 <ry<w-—1, 0<r;<2w—2, 0<rs <w-—1. (14)
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Keeping in view the situations considered in cases 1 and 2, r4, 5, 1 should be

such that
7‘5+7‘62w—1,r4+7‘5+7‘6§2w—2. (15)

Since the selection of 3, and 7, is made among the first (j—2b+k%;) components,

therefore such a selection of coefficients /3, and 7, gives us

{((j—2b+ k) —2b+1) - (expr. (13))}

+ DS (0 [ [ G [V R S

ko=k3 T4,r5,76
1<kg<b—1
(the last non-zero coefficient during the selection of coefficients f3,, v, has the
positions (j — 2b + ky,...,2b)-th with 1 < ky < b — 1 and further it has
(2b — k3)-th position where k3 =1,2,...,0 — 1 with ky = ks,...,0—1).

‘ k=1,...,0-1 ‘ ‘ k=1 ‘
k=1
+—> +—>
+—> +—>
I I ! Py ! !
T T LI T T
2b ) G204k 2042 -1
+—> +—>
+—> +—>
I I ! Py ! !
T T LI T T
2b J-2b+k 2042 j-1
|
k=b-1

t
2b J-2b+k 2042 J-1
!
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‘ B=1,...,b-1 ‘ ‘
k=1
— —
+—> +—>
| | :
. 2b . F2b+2
—> —>
+—> +—>
| | :
. 2 . F2b+2
h=b1
+—> +—>
+—> +—>
1 1 1
T T T
20 72042

k=1
«— «—»
— —
| : :
2b-1 2042
«— > «—»
«— «—
| : :
2b-1 2042
k=01
«—» «— »
— —
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2b-k, components, k=2, k=Fk,..., b~1‘ [ =1l ‘
k=2
 —> 4+
+—> «—
1 1 1 1 1
T T T
2b-2 F2b+2 -1
+—> —>
 —>r 4+ —r
1 1 1 1 1
T T T
20-2 F20+2 -1
k=b-1
—> —>
—>r «—»
1 1 1 1 1
T T T
2b-2 F20+2 j-1
20-k, components, k=>0b-1, k=~k,...,b-1 k =
k=01
—> +“—p
+—> «—>
| Il Il Il
T T T
b+1 F2b4+2 j-1
e |

Similarly, when k; = 2, the last non-zero coefficient has the positions (j —
2b+2,...,2b) with ky = 1,...,b— 1 and further it has (2b — k3)-th positions
where kgz 1,2,,[)—1W1th k2:k3,...,b—1.

Thus in this case, the total number of choices of coefficients turns out to be

i {(L(b, ki,71,m2,73)) - (expr. (16))} (17)

k1=1

- SN b=y —1
The expression Z (b . kQ) (kQT ) (b iz )(q — 1)ratretret? with
4 5 6

T4,7'5,T6

constraints stated in (14) and (15), is denoted with Ly (b, ko, 74,75, 76).
Case 4. When the h, and h, are selected together from 2b — 1 or fewer
columns (but from b+1 or more) from amongst the columns hy 1, ..., hj_ ie.

suppose the columns are selected from h;_sp 15,41, - - ., hj—p such that all the h,
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are neither taken from h;_spip,41,- .., hj_9 nor from hj_gpyq, ..., hj_p, the hy,
are selected from hj_gp41,...,hj_p, the hy are taken from some b consecutive

columns amongst the first 7 — 3b + ko columns, 1 < ko < b — 1.

v

o » <
< » <

»
»

| | | | |
I I I I I

F3b+kA+1 F2b+1 F2b+k,  jb jobtl j-1

A
v
T A

In this case, the number of ways in which the coefficients a; can be se-

lected is
[1+ (g —1))C1wh, (18)

The coefficients 3, and 9, are selected as in case 3 which gives us Ly (b, k2,74, 75, 76).
The coefficients 7, as a single low-density burst of length b(fixed) with weight
w or less is selected from amongst the first j — 3b 4+ ky — ¢ + 1 components,

1 < ky < b—1,irepresents the positions (j —b),...,(2b+ 1).

v

<& » <& » &
<« Ll <« Ll <
< »
< »

b+l 1

I I
) b+1 ,

|
T
2b+1

To enumerate the total number of choices of ~,, 3, and 0, we prove the

following Lemma:

Lemma 1. Ly(b, ko, r4,75,76) denotes the number of ways for the selection of
Br and 6,. The total number of choices of v, B, and o, with varying starting
position of the first non-zero component when B, and 6, are selected together
from 2b—1 or fewer components (but from b+1 or more) along with the selec-

tion of v which forms a single low-density burst of length b(fixed) with weight
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w or less in the remaining components of the vector of length ny (considering

(j — b)-th position as the first position) is

n1—3b+1 b—1
Z { {Ll(b7 k2,7‘4,7“5,7‘6)

i=1 ko=1

x{((m —2b+ky—i+1)—b+1)(¢g— 1[I+ (¢— 1)](6—1@—1)}}}

i=nq—3b+1+k3
1<kg<b—1

b—1
+ Z { {L1<b7 kg,?”4,7‘5,7’6)
ko=ks

x{((n —2b+ky —i+1)—b+1)(g— 1)[L+ (¢ — 1)]<b—1=w—1>}}}. (19)

< > e < > "

Proof of Lemma 1. Consider a vector of length n;. When first non-zero
component during the selection of 3, and ¢, selected together from 26 — 1 or
less components (but from b+ 1 or more) is at the first position then the single
low-density burst of length b(fixed) with weight w or less is in the remaining
ny — 2b + kg components, 1 < ky < b — 1. When first non-zero component
is at the ¢-th position then the single low-density burst is in the remaining
ny — 2b+ ko — i + 1 components, where 1 < ¢ < n; — 3b+ 1. The number
for the selection of d, and 3, is L1 (b, k2, 74,75, 76) as in case 3. The number of
single low-density bursts of length b(fixed) with weight w or less in a vector of

length (ny —2b+ ks — i+ 1) (not including vector of all zeros) is (Dass (1983))

(ny —2b+ kg —i+1) —b+1)(qg— 1)[1+ (g — 1)]O~ 1=,
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Summing on ¢, the number of such vectors is

ni1—3b+1 b—1
Z { Z{Ll(ba kQ,r4,7a5,7°6)

=1 ko=1

X {((ny—2b+ky—i+1)—b+1)(g—1)[1+ (¢ — 1)]<b—1vw-1>}}}. (20)

Also, when ¢ takes the value ny — 3b + 2, ky can take values 1,...,b — 1,
then the single low-density burst of length b(fixed) with weight w or less is in
the remaining ny —2b+ ko — i+ 1, i.e., when ¢ takes the value ny —3b+ k3 + 1,
1 <ks<b-—1, with k3 < ky < b— 1, then single low-density burst of length

b(fixed) with weight w or less is in the remaining ny —2b+ky —i+ 1 components.

‘ i=1,...n-3b4+1, k=1,...,5-1 ‘

k=L
+—> —>
—>
| | H
i
n,-20+k,-i4-1
+—> +—>
+—>
I I 1
T t
i
n,-20+k,-i4-1
k=0b-1
—r —>
+—>

n,-20+k,-i4-1
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i=n-3b+kt1, k=1, k=Fk,...,b-1

k=1
— ——>
+—>
! ! Ly
T T T
=n,-3b+2 b
|
< > < >
} } H
i=n-30+2
k=b-1
< > < >
! [
T T T
i=n,-3b+2
=n-3b+k+1, k=2, k=k,...,b-1
k=2
—r —>
—>
! 1y
T T
=n,-3b0+3 b
|
< > < >
} H
i=n,-30+3
k=0-1
—> +—>
—>

i=n,-30+3
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=30+ kA1, k=b-1, k=k,...,-1

Therefore, further summing on ¢ we get

> { b_zl {Ly(b, ka4, 75,76)

i=nq—3b+kz+1 k2:k3
1<kg<b-1

x{((n1—2b+ky—i+1)—b+1)(g—1)[1+ (¢ — 1)]<b—1=w—1>}}}. (21)
Thus, the total number of such vectors is
(expr. (20)) + (expr. (21)) (22)

which completes the proof of Lemma 1.
Now, total number of choices of coefficients f3,,7, and 9, in a vector of
length j — b turns out to be (using Lemma 1)

(G—b)—3b+1 . b-1

> { ST {Li(b ka5, 1)

=1 ko=1

x{((j—3b+ke—i+1)—b+1)(¢g—1)[1+ (¢ — 1)](b—1,w—1)}}}

b—1
S {Z{Llw,kz,m,mrﬁ)

i=(j—b)—3b+14ks3 ko=ks
1<kg<b—1

< (G- k— i) - b - D+ - DR e
Therefore, the number of choices of all the coefficients is

(expr. (18)) - (expr. (23)). (24)
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Case 5. When the h, and hy, are selected together from 2b — 1 or fewer
columns (but from b+ 1 or more) from amongst the columns hy, ..., h;_o,
i.e, suppose the columns are selected from hj_apipot1, ..., hj—op Such that all
hy are neither taken from hj_spi ko1, - - -, hj_sp nor from hj_spiq, ..., hj_ap, the
columns hy are selected from h;_syi1, ..., hj_o and the columns h, are selected

from hj_Qb_H, c ey hj—b; (1 S kg S b— 1)

»

»

<&

< > — <
|

JAb+14k F3b j3b+1  13b+k  52b F2b+1 §b j-b+1 i1

<
<

v

In this case, the number of ways in which the coefficients a; can be se-

lected is

[1+ (g —1))C1wh, (25)

The coefficients 3, and v, are selected as in case 3 which gives us Ly (b, k2, 74, 75,76).
To enumerate the total number of choices of the coefficients 0, along with [,

and 7y, we prove the following Lemma 2.

Lemma 2. Ly(b, ko, 7r4,75,76¢) denotes the number as in case 3 for the selection
of By and ~y,. The number of vectors with varying starting position of 6, which
forms single low-density burst of length b(fized) with weight w or less (consider
the position (j — b)-th as the first position) along with the selection of B, and

Ye together from 2b — 1 or fewer components (but from b+ 1 or more) in the
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remaining components of the vector of length nq, is

ni1—3b+1
> {(a- v+ - pere)
i=1
b—1
x{((m —b—1+ 1) —2b+ 1) Z L1<b, kg,?”4,7‘5,7”6)
ko=1
b—1
+ Z L1<b7 k2ar47r57T6)}}
ko=k3
1<k3<b—1
b—1
+{<<q — D[1 4 (g — 1)]E-twb) Ly (b, ko, 4, 75, @}.(26)
ko=ky
1<ky<b—1
3, < >

A
v
T A
v

Proof of Lemma 2. Consider a vector of length n;. When the first non-zero
component of 9, is at the first position then the selection of /3, and ~, is made
(together from 2b — 1 or fewer but from b+ 1 or more components) from the
remaining n; — b components. When the first non-zero component of J, is at
the ¢-th position then the selection of 3, and 7, together is made from the
remaining ny — b — ¢+ 1 components, 1 <7 <n; —3b+ 1.

Summing on ¢, the number of such vectors is

i {((q — D1+ (¢— 1)](b—1,w—1))
X{<(n1 —b—i+1)=20+1) z_: Li(b, ko, 74, 75,76)
+ i Ly (b, kz,r4,7‘5,r6)}}, o)

ko=k3
1<kz<b—1
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Further, when ¢ takes the value ny; — 3b+ 2, the selection of . and ~, is made
from the remaining ny — b — (n; — 3b+ 2) 4+ 1 i.e., 2b — 1 components, ks can
take the values as 1,...,b — 1, i.e., when i takes the value n; — 3b + k4 + 1,

1 < k4 < b—1, selection of 8, and ~, is made from the remaining ny —b—1+1,

ko can take the values as ky,...,b— 1.
k=1
-
— —>
f — f
1=n,-3b+1 . 9%
—p

1=n,-3b+1

1=n,-3b+1
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k=1,...,b-1
k=1
+—>
—r —>
1 11
} =
=n-30+2 b1
b
+—>

f !
1=n,-3b+2

T T
1=n,-3b+2

k=2,....b-1
k=2
«—
— P ———»
1 11
T LI
i=n,-3b+3 -
—>

1=n,-30+3

k=b-1

i=n,-3b+3
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k=b1

fy=b-1

|

A
v

T A

i=n-2b
b+1

Therefore, further summing on ¢ we get

b—1
> {0 -0 Y L

i=n1—3b+1+ky ko=ka
1<ky<b—1

1.e.

{((q—l)[l—i—(q—1)](b_1’w_1)) 2_: Ll(b,kg,r4,r5,r6)}. (28)

ko=ky
1<ky<b—1

Thus, total number of such vectors is
(expr. (27)) + (expr. (28)) (29)

which completes the proof of the Lemma 2.

Now, the number of choices of coefficients 3,, v, and 9, in a vector of length
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j — b is obtained by replacing n; by j — b in expression (29) giving rise to

(j—b)—3b+1

T {<<q C )1+ (g — 1))
=1
b—1
X{((] — 2() — Z —|- 1) — Qb+ 1) Z Ll(b, kQ,T‘4,T5,T‘6)
ko=1
b—1
+ Z Ll(ba k?ar47r5ar6)}}
1;;33:;;,371
+{<<q S+ (g - 1))
b—1
X Z Ll(bv kg,’l“4,7‘5,7“6)}- (30)
15134:;511

Therefore, the total number of choices of all the coefficients is
(expr. (25)) - (expr. (30)). (31)

Case 6. When the h, and h, are selected together from 2b—1 or fewer columns
(but from b+ 1 or more) from amongst the columns hy, ..., hj_y i.e. suppose
the h, and hy are selected from hj_syii4ky, -, hj—p, the hy are selected from
hj—opi1, ..., hj_y and the h, are selected from hj_spi14ky, - - -, Nj—opir, Such that
all the h, are neither from hj_sp14ky, - -5 hj_op nor from hj_opi1, ..., hj_p, 1 <

ko <b—1.

A
v
A
v

< »
< »

73b F30+1+k, 20 F20+1 20tk J-b b+l #1

I i I i A
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In this case, the number of ways in which the coefficients «; can be se-

lected is
[1+ (g —1))C1wh, (32)

The number of ways in which the coefficients 3, and 7, are selected is
Ly(b, ko, ry,r5,76) (refer case 3). Further, 5, and 7, are to be selected such that
the last non-zero coefficient of v, can take position j —b,7—b—1,...,b+1in
a vector of length j — b.

To enumerate total number of choices of the coefficients /3, and +, we prove

the following Lemma 3 (consider the position (j — b)-th as the first position).

Lemma 3. Ly(b, ko, 14,75,76) Tepresents the number as in case 3 for the se-
lection of vy and B,.. The number of such vectors with the varying starting

position of v, in a vector of length ny is

b—1 b—1
(n1 — 2b+ ].)( Z Ll(b, k‘Q,T‘4,T5,7‘6)) + Z Ll(b, k‘Q,T‘4,T5,T‘6) . (33)

ko=1 ko=ky4

1<ky<b—1

Proof of Lemma 3. Consider a vector of length n;. The first non-zero com-
ponent can take the position i = 1,...,ny — b. Obviously, fori =1,... ,ny —
2b+1, ko can take values as 1 < ky < b—1 and fori =n;—2b+2,...,n1—bi.e.
fori=mn; —2b+1+ky, 1 < ks <b-—1, ky can take values as ky < ky < b—1.

Thus total number of such vectors is

b—1 b—1
(ng —2b+1) ( Z Ly(b, ko, 74,75, 7“6)) + Ly(b, ko, 1a,175,76)
k2=1 1;134:;1;1—1

which completes the proof of Lemma 3.
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Now the number of choices of the coefficients 3, and =, in a vector of length

j — b can be obtained by replacing ny by j — b in expression (33) which gives

b—1 b—1
(= 3b+1) > La(bka,ra,rs,re) + > La(b,ka,ra,75,76) (34)
ko=1 ko=ky
1<ky<b-1

Therefore, total number of choices of all the coefficients is
(expr. (32)) - (expr. (34)). (35)

Case 7. When the h,, h, and h; are selected together from 3b — 3 or fewer
columns (but from 2b — 1 or more) i.e. the h, are selected from b consecutive
columns amongst hj_opio, ..., hj—1 with the last h, among hj_p11,...h;j—1 and
the h, are selected from b consecutive columns amongst hj_spys, ..., hj_y with
the last h, among hj_opi11ks,...n,_, (depending on the selection of hy’s), 1 <
ke < b—1, together with the h, being selected from some b consecutive columns
from the first 7 — 3b+ 1+ k7 columns, 1 < k; < b—1 (depending upon the b

consecutive columns from which h,’s are selected).

A
v

< »
< »

A
v
A

»
»

#3b 314k, G20 20414k f2b+kAk j-b b1 j-b+k, #1

In this case, the coefficients ¢, are selected from b consecutive components
as w or less non-zero components, which starts from (j — 2b + 1 + kg)-th
component which may obviously continue upto (j —b+ kg)-th component. The
coefficients [, are selected from b consecutive components as w or less non-zero

components, which starts from (j —3b+ 1+ ks + kg)-th component which may
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continue obviously upto (j — 2b + ks + kg)-th component, 1 < kg < b — 1,
1 < ks <b-—kg. Suppose ks + kg — 1 = kr.

Our main objective is to select w — 1 or less non-zero components amongst
(j—3b+1+ks+ke,...,j—2b+ks+ ke — 1)-th positions, (j —2b+ k5 + kg)-th
component is non-zero, w — 1 or less non-zero components amongst (j — 2b +
ke +1,...,7 — b+ kg — 1)-th positions, (j — b + kg¢)-th component is non-
zero and w — 1 or less non-zero components amongst (j —b+1,...,7 — 1)-th
positions. Also we have to select the coefficients ~, which appear as w or less
non-zero components from a set of b consecutive components among the first
j — 3b+ ks + k¢ components where 1 < kg < b—1,1 < ks <b— kg.

In order to do so, let us choose

r7 components from the (j —3b+ 1+ ks + ke, ..., J — 20+ kg)-th positions,

rg components from the (j—2b+kg+1,...,5—2b+ks+ ke — 1)-th positions,

ro components from the (j — 20+ k5 + k¢ + 1,...,7 — b)-th positions,

r10 components from the (j —b+1,...,7 — b+ kg — 1)-th positions,

r11 components from the (j — b+ kg + 1,...,j — 1)-th positions,

where

0<rm<w—-1,0<rg<2w—-2,0<rg<w-—1, 0 <ryp<2w-—2,

0<ry <w-—1. (36)

T Ty Ty Ty Tn

Keeping in view the situations considered in cases 1, 2 and 4, r7, rs, 19, 710, 711
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should be such that

rio+rin > w—1,rg+rg+rip+rg > 2w -2,

r7+r8+7‘9+7‘10+r11§3w—3. (37)

Such a selection of coefficients give us

Z <b—k5) <k5—1) (b—k5—k6) (k6—1)
r7,T8iTO, r7 rs T9 710

710,711
x <b - k6 - 1) (q o 1)7’7+rs+r9+r10+r11

11
possible linear combinations where 77, rg, 9, 719, 711 €ach satisfy the constraints
stated in (36) and (37). The (j —2b+k5+k¢)-th and (j —b+ke)-th components

can be selected in (¢ — 1) ways each, therefore selection of coefficients give us

Z (b—k5) <k5—1) (b—k5—k6) (kﬁ—l)
S r7 rg T9 T10

710711

« (b - kﬁ - 1) (q o 1)r7+r8+r9+r10+r11+2 ‘ (38)
1

Now to select the coefficients v, it is equivalent to enumerate the single low-

density burst of length b(fixed) with weight w or less in a vector of length

j — 3b+ ks + kg, which gives us (Dass (1983))
L+ ((j—3b+ks+ke) —b+1)(g— D1+ (¢g— 1] =D (39)

Therefore, in this case total number of choices of coefficients turns out to be

> (expr. (38)) - (expr. (39)). (40)

kg.keg
1<kg<b-1
1<ks <b— kg
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The expression

Z <b—k5) <k5—1) (b—k5—k6) (k6—1)
r7,r8iTg, r7 rs T9 710

710711

5 (b - kG - 1) (q . 1)7’7+rs+r9+r10+r11+2

11

with constraints stated in (36) and (37) is denoted as
La(b, ks, ke, 77,78, 79, 710, T11).-

Case 8. When the hy, h,, h, are selected together from 3b — 2 or fewer
columns (but from 2b or more) from amongst the first j —b columns, i.e., sup-
pose the h, are selected from b consecutive columns amongst hj_opi1, ..., hj_p,
the h, are selected from b consecutive columns amongst h;_spia, ..., hj—p—1
with the last h, among hj_opi1,...,hj_py—1 and the hy are selected from b
consecutive columns amongst Nj_apis, ..., hj_op with last column hy, among

hj—spt14kgs - - > hj—op (depending on the selection of h,’s), 1 < kg <b—1.

<& »
< L

< »
< »

< » <

« » al

l ! ! l l l l l l l
T T T T T T

T T T
F4b+1 FAbF 1Ak, 3b+1 ‘ F3b+kk F2b+1  F2b+k Jb b+l F1
F30+1+k,

In this case, the number of ways in which the coefficients o; can be selected

[+ (g = ]etery., (41)

The coefficients ¢, are selected as w or less non-zero components from b consec-

utive components starting from (j—2b+1)-th component which may obviously
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continue upto (7 — b)-th component. The coefficients [, are selected from the
components starting from (j — 3b + 1 4 kg)-th component which may obvi-
ously continue upto (j — 2b + kg)-th component (1 < kg < b— 1) as w or less
non-zero components from b consecutive components. The coefficients ~, are
selected as w or less non-zero components from (5 — 4b+ 1 + k5 + kg)-th com-
ponent which may obviously continue upto (j — 3b + ks + kg)-th component,
1<ks<b—1,1<ks<b—kg.

Our main objective is to select w — 1 or less non-zero components amongst
(j—4b+1+4ks+ks,...,J—3b+ks+ks—1)-th positions, the (j —3b+ ks+kg)-th
component is non-zero, w—1 or less non-zero components amongst (j—3b+1+
kg, ...,J—2b+ ke —1)-th positions, the (j —2b+ kg)-th component is non-zero,
and w — 1 or less non-zero components amongst (7 —2b+1,...,j —b—1)-th
positions, the (j — b)-th component is non-zero. Following the procedure for
the selection of coefficients ~,, 3, and 0, as in case 7, with the selection of
(j — b)-th component in (¢ — 1) ways, we get the expression as

Z <b—k5) <k5—1) (b—k5—k6) (k6—1)
r7,T8iTO, r7 rs T9 T10

710711

— kg —1
X (b kG ) (q o 1)7’7+rs+r9+r10+r11+3 (42)

r11

where

r7 components are chosen from the (j —4b+ 1+ ks + kg, ..., — 3b + kg)-th
positions,

rg components are chosen from the (j —3b+keg+1,...,j —3b+ ks + k¢ —1)-th
positions,

ro components are chosen from the (j —3b+ks+kg+1, ..., 7 —2b)-th positions,
r10 components are chosen from the (j —2b+1,...,j—2b+ kg — 1)-th positions,
r11 components are chosen from the (j —2b+ks+1,...,j—b—1)-th positions,



A sufficient condition for the existence 175

where

0<rm<w—-1,0<rg <2w—2,0<1rg

<w—-1,0<rg<2w—-—2,0<r; <w-—1. (43)

Keeping in view the situations considered in cases 1, 4 and 5, r7, rs, r9, T10,

r11 should be such that

T10+7‘112w—1, T8+T9+7‘10+T1122w—2,

r7+r8+7‘9+7‘10+r11§3w—3. (44)

The (expr. (42)) with constraints stated in (43) and (44) is denoted by
Ls(b, ks, ke, 77,78, 79, 10, 11)-

The non-zero component at (j — b)-th position during the selection of co-
efficients, can take positions (j —b),(j —b—1),...,2b.

Total number of ways in which ,, 7, and ¢, are selected is

((j - b) —3b+3) Z L3(b7 k‘5,k'6,7‘7,7”8,7‘9,7’10,7’11)

ks,keg
1<kg<b—1
1<ks <b—kg
+ E L3(b7 k5,l€6,7“7,7‘8,7“9,7‘10,7‘11)
i1,k5,ke
1<iy1 <b—-2
i1+1<kg<b—1
1<ky<b—kg
=+ E L3(b7 k5,k6,T7,T8,T9,T10,T11) (45)
i1,k5,ke
1<41<b-2
1<kg<b—1

i1 +1<kg5<b—kg
with last non-zero component during the selection of coefficients taking posi-

tions

(i) 7—b,...,3b—2, values of ks, kg variesas 1 < kg <b—1,1 < ks < b— kg,

further
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(ii)) (a) (3b — 2 —41),1 < i3 < b — 2 positions, values of ks, kg varies as
1 <ke<b—1,1<ks<b—k
(b) (3b — 2 —11),1 < 43 < b— 2 positions, values of ks, kg varies as

1<ke<b—1,11+1<ks<b— ks
Therefore, in this case total number of choices of coefficients turns out to be

(expr. (41)) - (expr. (45)). (46)

Case 9. When the hy, h,,h, and h; are selected together from 4b — 4 or
fewer columns (but from 2b or more), the h, are selected from b consecutive
columns amongst hj_opio,..., hj_1 with the last h, among hj_yi1,...,hj_1,
the h, are selected from b consecutive columns amongst hj_spys, ..., hj_y with
the last h, among hj;_opi14kygs - - -, hj—p (depending on the selection of hy,’s),
1 < ki <b-—1, the hy are selected from b consecutive columns from amongst
Pj_apya, .oy hj_opii,, » with last column hy among hj_sp14kg4kigs - - > Rj—2b4kies 1 <
kio <b—1,1 < kg < b— kyg, i.e., among the starting of selection of b con-
secutive columns for h, upto one column before the starting of selection of

hy.

A
v

A
v

»
>

A

|

I I

FAb+1 F3b+1
FAb+1+ kA k4 ky,

I I
‘ F20+1 F20+1+4k,
F30+kA+kA+k,

F3b+1+k+E, F2b+ktky

In this case, the coefficients 6, are selected from b consecutive compo-
nents as w or less non-zero components which start from (j — 2b + 1 + kqg)-

th component and may obviously continue upto (j — b + kjp)-th component,
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1 < k19 < b—1. The coefficients (3, are selected from b consecutive components
as w or less non-zero components which start from (j — 3b+ 1 + kg + k1o)-th
component and may obviously continue upto (j —2b+ kg + k10)-th component,
1 <k <b—1,1<ky <b—ky. The coefficients v, are selected from b
consecutive components as w or less non-zero components which start from
(j —4b+ 1+ kg + kg + k19)-th component which may obviously continue upto
(j — 3b+ ks + kg + kig)-th component, 1 < kjg < b—1, 1 < kg < b — ko,
1 < kg <b—ky.

Our main objective is to select w — 1 or less non-zero components amongst
(j —4b+ 1+ ks + ko + ko, ..,J — 3b+ kg + kg + k19 — 1)-th positions, the
(j — 3b + ks + kg + kip)-th component is non-zero, w — 1 or less non-zero
components among (j—3b+1+kg+kqg, . .., j—2b+ko+k1o—1)-th positions, the
(j —2b+ kg + k10)-th component is non-zero, w — 1 or less non-zero components
among (7 —2b+ 1+ kyg,...,J — b+ kio — 1)-th positions, the (j — b+ ky)-
th component is non-zero and w — 1 or less non-zero components amongst
(j—b+1,...,5— 1)-th positions.

In order to do so, let us choose
r12 components from the (j —4b+ 1+ ks + ko + k1o, ..., — 3b + ko + k10)-th
positions,
r13 components from the (j —3b+kg+kio+1,...,5—3b+ks+ ko + k19— 1)-th
positions,
r14 components from the (j —3b+ks+ko+kio+1, ..., 7 —2b+kig)-th positions,
r15 components from the (j —2b+kig+1,...,j—2b+kg+ kio— 1)-th positions,
r16 components from the (j — 2b+ kg + k1p + 1,...,j — b)-th positions,

r17 components from the (j —b+1,...,7 — b+ kjo — 1)-th positions,
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r1g components from the (j — b+ k1o + 1,...,7 — 1)-th positions,

where

0<rp<w-—-1,0<r3<2w—-2,0<ry<w-1,

0<r5;<2w—-20<rg<w—-1,0<ry;<2w-20<rg<w-—1 (47)

Ty Iy Ty Tis T Tz Tis

Keeping in view the situations considered in cases 3, 7 and 8, ry9, 113, 714,
r15, 716, 717, 718 should be such that
rir+rie 2> w— 1,715+ 716 + 717 + 118 > 20 — 2,
ri3 + 114 + 115 + 716 + 117 + 118 = 3w — 3, (48)

T2+ 113+ e+ ris +rie +rir+ris < dw — 4
Such a selection of coefficients give us

Z (b—kg) (ks— 1) (b—kg—kg) (kg— 1) (b—kg—lﬁo)
12 T13 14 15 16

712,7135--+,718

% (klo - 1) <b - klo - 1) (q o 1)7“12-0—7“13+T14+7’!5+T16+T17+T1s (49)
ri7 18
possible linear combinations where 75, ...,1m5 each satisfy the constraints

stated in (47) and (48). The (j — b + kig)-th, (j — 2b + kg + kip)-th and
(j — 3b+ ks + kg + k10)-th components can be selected in (¢ — 1) ways each,
therefore selection of coefficients give us
Z Z <b—k8><k8—1><b—k8—k9><k9—1>(b—kg—km)
o SR SN 713 14 15 716
1<k1p<b—-1

1<kg<b—k1g
1<kg<b—kg

<k10 - 1) <b — k1o — 1) (q — 1)T12+r13+T14+T!5+7’16+T17+T18+3. (50)
r17 718
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The expression

Z <b—k8) (ks—l) (b—kg—kg) (kg—l) (b—kg—kw)
12 13 714 15 16

7125+ T18

X (klo o 1) <b - klo o 1) (q . 1)T12+T13+T14+7’!5+T16+T17+T18+3

ri7 ris

with constraints stated in (47) and (48) is denoted by
L4(b’ ks, ko, /ﬁo,7“1277‘13,7‘14,7‘15,7“16,7“17,7”18)-
Thus, the total number of possible combinations that h; cannot be equal

to, is

(expr. (7)) + (expr. (12)) + (expr. (17))
+(expr. (24)) + (expr. (31)) + (expr. (35))

+(expr. (40)) + (expr. (46)) + (expr. (50)). (51)

At worst, all these linear combinations may yield a distinct sum. Therefore a

column h; can be added to H' provided that
¢" > (expr. (51)). (52)

Now reverse the columns of H’ to obtain the requisite parity-check matrix
H =1[H,H,...H,|,(h; = H,_;+1). Thus, to achieve code of length n, replace

J by n which gives the result.

Remark 1. The result just obtained holds for w < b. If we take w = b,
the weight consideration over the burst becomes redundant. The situations

giving rise to the expressions except (expr. (7)) does not arise. The bound
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then reduces to

> (14 (= DY
x{i(”_“t”b“)@—l)[1+<q el

1.e.

{23: (n— H—l b+z)(q_1)iqi(b_1)}

1=0
which coincides with a result due to Dass, Garg and Zannetti (2008b), when
bursts considered are 2-repeated bursts of length b(fixed).

We conclude this section with an example.

Example 1. Consider the following 12 x 16 matrix over GF(2)

_ OO M= M= = === e=O
_ O R P, OO0 0o oo
SR O OO oo oo —wOo
SO O OO OO OO0 o O o
SO O OO OO OO+ OO o
SO O OO oo OO oo
SO DD DO O OO O oo
S OO OO OO oo oo
S OO OO OO oo oo
S OO OO OO oo oo
SO R OO OO oo oo
SR O OO OO oo oo
_ 0 O OO OO o oo oo
OO OO OO, OO -
SR OO OO, OOoOFOo
_ oo R OO, OO~k OOo

This matrix has been constructed by the synthesis procedure outlined in the
proof of Theorem 1 by taking b = 3 and w = 2. Considered as a parity-check
matrix, this matrix gives rise to a (16,4) binary code. It can be seen from
Table 1 that the syndromes of bursts of length 3(fixed) with weight 2 or less

are distinct, showing thereby that the code that is the null space of the matrix
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given in the example corrects all bursts of length 3(fixed) with weight 2 or less.
It should be noted that this code does not correct all bursts of length 3(fixed)
with weight 3, e.g.,

(0000000011100111) as its syndrome is the same as that of (1100000000001000),
(0000000000101111) as its syndrome is the same as that of (1100000011000000),
(0000000011000111) as its syndrome is the same as that of (1100000000101000),
(0000000011100101) as its syndrome is the same as that of (1100000000001010),
( ) ( )
( ) ( )

0000000011101010) as its syndrome is the same as that of (1100000000000101),
0000000011101000) as its syndrome is the same as that of (1100000000000111).
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Error vectors Syndromes
0000000000000000 | 000000000000
1000000000000000 | 011111111001
1001000000000000 | 010111111001
1000100000000000 | 011011111001
1000010000000000 | 011101111001
1000001000000000 | 011110111001
1000000100000000 | 011111011001
1000000010000000 | 011111101001
1000000001000000 | 011111110001
1000000000100000 | 011111111101
1000000000010000 | 011111111011
1000000000001000 | 011111111000
1000000000000100 | 111011011101
1001100000000000 | 010011111001
1000110000000000 | 011001111001
1000011000000000 | 011100111001
1000001100000000 | 011110011001
1000000110000000 | 011111001001
1000000011000000 | 011111100001
1000000001100000 | 011111110101
1000000000110000 | 011111111111
1000000000011000 | 011111111010
1000000000001100 | 111011011100
1000000000000110 | 101001001111
1001010000000000 | 010101111001
1000101000000000 | 011010111001
1000010100000000 | 011101011001
1000001010000000 | 011110101001
1000000101000000 | 011111010001
1000000010100000 | 011111101101
1000000001010000 | 011111110011
1000000000101000 | 011111111100
1000000000010100 | 111011011111
1000000000001010 | 001101101010

Table 1
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Error vectors Syndromes
1000000000000101 | 110010010100
1100000000000000 | 111111100010
1101000000000000 | 110111100010
1100100000000000 | 111011100010
1100010000000000 | 111101100010
1100001000000000 | 111110100010
1100000100000000 | 111111000010
1100000010000000 | 111111110010
1100000001000000 | 111111101010
1100000000100000 | 111111100110
1100000000010000 | 111111100000
1100000000001000 | 111111100011
1100000000000100 | 011011000110
1101100000000000 | 110011100010
1100110000000000 | 111001100010
1100011000000000 | 111100100010
1100001100000000 | 111110000010
1100000110000000 | 111111010010
1100000011000000 | 111111111010
1100000001100000 | 111111101110
1100000000110000 | 111111100100
1100000000011000 | 111111100001
1100000000001100 | 011011000111
1100000000000110 | 001001010100
1101010000000000 | 110101100010
1100101000000000 | 111010100010
1100010100000000 | 111101000010
1100001010000000 | 111110110010
1100000101000000 | 111111001010
1100000010100000 | 111111110110
1100000001010000 | 111111101000
1100000000101000 | 111111100111
1100000000010100 | 011011000100
1100000000001010 | 101101110001

(Contd.)

Error vectors Syndromes
1100000000000101 | 010010001111
1010000000000000 | 001111111011
1011000000000000 | 000111111011
1010100000000000 | 001011111011
1010010000000000 | 001101111011
1010001000000000 | 001110111011
1010000100000000 | 001111011011
1010000010000000 | 001111101011
1010000001000000 | 001111110011
1010000000100000 | 001111111111
1010000000010000 | 001111111001
1010000000001000 | 001111111010
1010000000000100 | 101011011111
1011100000000000 | 000011111011
1010110000000000 | 001001111011
1010011000000000 | 001100111011
1010001100000000 | 001110011011
1010000110000000 | 001111001011
1010000011000000 | 001111100011
1010000001100000 | 001111110111
1010000000110000 | 001111111101
1010000000011000 | 001111111000
1010000000001100 | 101011011110
1010000000000110 | 111001001101
1011010000000000 | 000101111011
1010101000000000 | 001010111011
1010010100000000 | 001101011011
1010001010000000 | 001110101011
1010000101000000 | 001111010011
1010000010100000 | 001111101111
1010000001010000 | 001111110001
1010000000101000 | 001111111110
1010000000010100 | 101011011101
1010000000001010 | 011101101000
1010000000000101 | 100010010110
0100000000000000 | 100000011011
0100100000000000 | 100100011011
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Error vectors Syndromes
0100010000000000 | 100010011011
0100001000000000 | 100001011011
0100000100000000 | 100000111011
0100000010000000 | 100000001011
0100000001000000 | 100000010011
0100000000100000 | 100000011111
0100000000010000 | 100000011001
0100000000001000 | 100000011010
0100000000000100 | 000100111111
0100110000000000 | 100110011011
0100011000000000 | 100011011011
0100001100000000 | 100001111011
0100000110000000 | 100000101011
0100000011000000 | 100000000011
0100000001100000 | 100000010111
0100000000110000 | 100000011101
0100000000011000 | 100000011000
0100000000001100 | 000100111110
0100000000000110 | 010110101101
0100101000000000 | 100101011011
0100010100000000 | 100010111011
0100001010000000 | 100001001011
0100000101000000 | 100000110011
0100000010100000 | 100000001111
0100000001010000 | 100000010001
0100000000101000 | 100000011110
0100000000010100 | 000100111101
0100000000001010 | 110010001000
0100000000000101 | 001101110110
0110000000000000 | 110000011001
0110100000000000 | 110100011001
0110010000000000 | 110010011001
0110001000000000 | 110001011001
0110000100000000 | 110000111001
0110000010000000 | 110000001001
0110000001000000 | 110000010001
0110000000100000 | 110000011101

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0110000000010000 | 110000011011
0110000000001000 | 110000011000
0110000000000100 | 010100111101
0110110000000000 | 110110011001
0110011000000000 | 110011011001
0110001100000000 | 110001111001
0110000110000000 | 110000101001
0110000011000000 | 110000000001
0110000001100000 | 110000010101
0110000000110000 | 110000011111
0110000000011000 | 110000011010
0110000000001100 | 010100111100
0110000000000110 | 000110101111
0110101000000000 | 110101011001
0110010100000000 | 110010111001
0110001010000000 | 110001001001
0110000101000000 | 110000110001
0110000010100000 | 110000001101
0110000001010000 | 110000010011
0110000000101000 | 110000011100
0110000000010100 | 010100111111
0110000000001010 | 100010001010
0110000000000101 | 011101110100
0101000000000000 | 101000011011
0101100000000000 | 101100011011
0101010000000000 | 101010011011
0101001000000000 | 101001011011
0101000100000000 | 101000111011
0101000010000000 | 101000001011
0101000001000000 | 101000010011
0101000000100000 | 101000011111
0101000000010000 | 101000011001
0101000000001000 | 101000011010
0101000000000100 | 001100111111
0101110000000000 | 101110011011
0101011000000000 | 101011011011
0101001100000000 | 101001111011
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Error vectors Syndromes
0101000110000000 | 101000101011
0101000011000000 | 101000000011
0101000001100000 | 101000010111
0101000000110000 | 101000011101
0101000000011000 | 101000011000
0101000000001100 | 001100111110
0101000000000110 | 011110101101
0101101000000000 | 101101011011
0101010100000000 | 101010111011
0101001010000000 | 101001001011
0101000101000000 | 101000110011
0101000010100000 | 101000001111
0101000001010000 | 101000010001
0101000000101000 | 101000011110
0101000000010100 | 001100111101
0101000000001010 | 111010001000
0101000000000101 | 000101110110
0010000000000000 | 010000000010
0010010000000000 | 010010000010
0010001000000000 | 010001000010
0010000100000000 | 010000100010
0010000010000000 | 010000010010
0010000001000000 | 010000001010
0010000000100000 | 010000000110
0010000000010000 | 010000000000
0010000000001000 | 010000000011
0010000000000100 | 110100100110
0010011000000000 | 010011000010
0010001100000000 | 010001100010
0010000110000000 | 010000110010
0010000011000000 | 010000011010
0010000001100000 | 010000001110
0010000000110000 | 010000000100
0010000000011000 | 010000000001
0010000000001100 | 110100100111
0010000000000110 | 100110110100
0010010100000000 | 010010100010

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0010001010000000 | 010001010010
0010000101000000 | 010000101010
0010000010100000 | 010000010110
0010000001010000 | 010000001000
0010000000101000 | 010000000111
0010000000010100 | 110100100100
0010000000001010 | 000010010001
0010000000000101 | 111101101111
0011000000000000 | 011000000010
0011010000000000 | 011010000010
0011001000000000 | 011001000010
0011000100000000 | 011000100010
0011000010000000 | 011000010010
0011000001000000 | 011000001010
0011000000100000 | 011000000110
0011000000010000 | 011000000000
0011000000001000 | 011000000011
0011000000000100 | 111100100110
0011011000000000 | 011011000010
0011001100000000 | 011001100010
0011000110000000 | 011000110010
0011000011000000 | 011000011010
0011000001100000 | 011000001110
0011000000110000 | 011000000100
0011000000011000 | 011000000001
0011000000001100 | 111100100111
0011000000000110 | 101110110100
0011010100000000 | 011010100010
0011001010000000 | 011001010010
0011000101000000 | 011000101010
0011000010100000 | 011000010110
0011000001010000 | 011000001000
0011000000101000 | 011000000111
0011000000010100 | 111100100100
0011000000001010 | 001010010001
0011000000000101 | 110101101111
0010100000000000 | 010100000010
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Error vectors Syndromes
0010110000000000 | 010110000010
0010101000000000 | 010101000010
0010100100000000 | 010100100010
0010100010000000 | 010100010010
0010100001000000 | 010100001010
0010100000100000 | 010100000110
0010100000010000 | 010100000000
0010100000001000 | 010100000011
0010100000000100 | 110000100110
0010111000000000 | 010111000010
0010101100000000 | 010101100010
0010100110000000 | 010100110010
0010100011000000 | 010100011010
0010100001100000 | 010100001110
0010100000110000 | 010100000100
0010100000011000 | 010100000001
0010100000001100 | 110000100111
0010100000000110 | 100010110100
0010110100000000 | 010110100010
0010101010000000 | 010101010010
0010100101000000 | 010100101010
0010100010100000 | 010100010110
0010100001010000 | 010100001000
0010100000101000 | 010100000111
0010100000010100 | 110000100100
0010100000001010 | 000110010001
0010100000000101 | 111001101111
0001000000000000 | 001000000000
0001001000000000 | 001001000000
0001000100000000 | 001000100000
0001000010000000 | 001000010000
0001000001000000 | 001000001000
0001000000100000 | 001000000100
0001000000010000 | 001000000010
0001000000001000 | 001000000001
0001000000000100 | 101100100100
0001001100000000 | 001001100000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0001000110000000 | 001000110000
0001000011000000 | 001000011000
0001000001100000 | 001000001100
0001000000110000 | 001000000110
0001000000011000 | 001000000011
0001000000001100 | 101100100101
0001000000000110 | 111110110110
0001001010000000 | 001001010000
0001000101000000 | 001000101000
0001000010100000 | 001000010100
0001000001010000 | 001000001010
0001000000101000 | 001000000101
0001000000010100 | 101100100110
0001000000001010 | 011010010011
0001000000000101 | 100101101101
0001100000000000 | 001100000000
0001101000000000 | 001101000000
0001100100000000 | 001100100000
0001100010000000 | 001100010000
0001100001000000 | 001100001000
0001100000100000 | 001100000100
0001100000010000 | 001100000010
0001100000001000 | 001100000001
0001100000000100 | 101000100100
0001101100000000 | 001101100000
0001100110000000 | 001100110000
0001100011000000 | 001100011000
0001100001100000 | 001100001100
0001100000110000 | 001100000110
0001100000011000 | 001100000011
0001100000001100 | 101000100101
0001100000000110 | 111010110110
0001101010000000 | 001101010000
0001100101000000 | 001100101000
0001100010100000 | 001100010100
0001100001010000 | 001100001010
0001100000101000 | 001100000101
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Error vectors Syndromes
0001100000010100 | 101000100110
0001100000001010 | 011110010011
0001100000000101 | 100001101101
0001010000000000 | 001010000000
0001011000000000 | 001011000000
0001010100000000 | 001010100000
0001010010000000 | 001010010000
0001010001000000 | 001010001000
0001010000100000 | 001010000100
0001010000010000 | 001010000010
0001010000001000 | 001010000001
0001010000000100 | 101110100100
0001011100000000 | 001011100000
0001010110000000 | 001010110000
0001010011000000 | 001010011000
0001010001100000 | 001010001100
0001010000110000 | 001010000110
0001010000011000 | 001010000011
0001010000001100 | 101110100101
0001010000000110 | 111100110110
0001011010000000 | 001011010000
0001010101000000 | 001010101000
0001010010100000 | 001010010100
0001010001010000 | 001010001010
0001010000101000 | 001010000101
0001010000010100 | 101110100110
0001010000001010 | 011000010011
0001010000000101 | 100111101101
0000100000000000 | 000100000000
0000100100000000 | 000100100000
0000100010000000 | 000100010000
0000100001000000 | 000100001000
0000100000100000 | 000100000100
0000100000010000 | 000100000010
0000100000001000 | 000100000001
0000100000000100 | 100000100100
0000100110000000 | 000100110000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000100011000000 | 000100011000
0000100001100000 | 000100001100
0000100000110000 | 000100000110
0000100000011000 | 000100000011
0000100000001100 | 100000100101
0000100000000110 | 110010110110
0000100101000000 | 000100101000
0000100010100000 | 000100010100
0000100001010000 | 000100001010
0000100000101000 | 000100000101
0000100000010100 | 100000100110
0000100000001010 | 010110010011
0000100000000101 | 101001101101
0000110000000000 | 000110000000
0000110100000000 | 000110100000
0000110010000000 | 000110010000
0000110001000000 | 000110001000
0000110000100000 | 000110000100
0000110000010000 | 000110000010
0000110000001000 | 000110000001
0000110000000100 | 100010100100
0000110110000000 | 000110110000
0000110011000000 | 000110011000
0000110001100000 | 000110001100
0000110000110000 | 000110000110
0000110000011000 | 000110000011
0000110000001100 | 100010100101
0000110000000110 | 110000110110
0000110101000000 | 000110101000
0000110010100000 | 000110010100
0000110001010000 | 000110001010
0000110000101000 | 000110000101
0000110000010100 | 100010100110
0000110000001010 | 010100010011
0000110000000101 | 101011101101
0000101000000000 | 000101000000
0000101100000000 | 000101100000
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Error vectors Syndromes
0000101010000000 | 000101010000
0000101001000000 | 000101001000
0000101000100000 | 000101000100
0000101000010000 | 000101000010
0000101000001000 | 000101000001
0000101000000100 | 100001100100
0000101110000000 | 000101110000
0000101011000000 | 000101011000
0000101001100000 | 000101001100
0000101000110000 | 000101000110
0000101000011000 | 000101000011
0000101000001100 | 100001100101
0000101000000110 | 110011110110
0000101101000000 | 000101101000
0000101010100000 | 000101010100
0000101001010000 | 000101001010
0000101000101000 | 000101000101
0000101000010100 | 100001100110
0000101000001010 | 010111010011
0000101000000101 | 101000101101
0000010000000000 | 000010000000
0000010010000000 | 000010010000
0000010001000000 | 000010001000
0000010000100000 | 000010000100
0000010000010000 | 000010000010
0000010000001000 | 000010000001
0000010000000100 | 100110100100
0000010011000000 | 000010011000
0000010001100000 | 000010001100
0000010000110000 | 000010000110
0000010000011000 | 000010000011
0000010000001100 | 100110100101
0000010000000110 | 110100110110
0000010010100000 | 000010010100
0000010001010000 | 000010001010
0000010000101000 | 000010000101
0000010000010100 | 100110100110

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000010000001010 | 010000010011
0000010000000101 | 101111101101
0000011000000000 | 000011000000
0000011010000000 | 000011010000
0000011001000000 | 000011001000
0000011000100000 | 000011000100
0000011000010000 | 000011000010
0000011000001000 | 000011000001
0000011000000100 | 100111100100
0000011011000000 | 000011011000
0000011001100000 | 000011001100
0000011000110000 | 000011000110
0000011000011000 | 000011000011
0000011000001100 | 100111100101
0000011000000110 | 110101110110
0000011010100000 | 000011010100
0000011001010000 | 000011001010
0000011000101000 | 000011000101
0000011000010100 | 100111100110
0000011000001010 | 010001010011
0000011000000101 | 101110101101
0000010100000000 | 000010100000
0000010110000000 | 000010110000
0000010101000000 | 000010101000
0000010100100000 | 000010100100
0000010100010000 | 000010100010
0000010100001000 | 000010100001
0000010100000100 | 100110000100
0000010111000000 | 000010111000
0000010101100000 | 000010101100
0000010100110000 | 000010100110
0000010100011000 | 000010100011
0000010100001100 | 100110000101
0000010100000110 | 110100010110
0000010110100000 | 000010110100
0000010101010000 | 000010101010
0000010100101000 | 000010100101
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Error vectors Syndromes
0000010100010100 | 100110000110
0000010100001010 | 010000110011
0000010100000101 | 101111001101
0000001000000000 | 000001000000
0000001001000000 | 000001001000
0000001000100000 | 000001000100
0000001000010000 | 000001000010
0000001000001000 | 000001000001
0000001000000100 | 100101100100
0000001001100000 | 000001001100
0000001000110000 | 000001000110
0000001000011000 | 000001000011
0000001000001100 | 100101100101
0000001000000110 | 110111110110
0000001001010000 | 000001001010
0000001000101000 | 000001000101
0000001000010100 | 100101100110
0000001000001010 | 010011010011
0000001000000101 | 101100101101
0000001100000000 | 000001100000
0000001101000000 | 000001101000
0000001100100000 | 000001100100
0000001100010000 | 000001100010
0000001100001000 | 000001100001
0000001100000100 | 100101000100
0000001101100000 | 000001101100
0000001100110000 | 000001100110
0000001100011000 | 000001100011
0000001100001100 | 100101000101
0000001100000110 | 110111010110
0000001101010000 | 000001101010
0000001100101000 | 000001100101
0000001100010100 | 100101000110
0000001100001010 | 010011110011
0000001100000101 | 101100001101
0000001010000000 | 000001010000
0000001011000000 | 000001011000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000001010100000 | 000001010100
0000001010010000 | 000001010010
0000001010001000 | 000001010001
0000001010000100 | 100101110100
0000001011100000 | 000001011100
0000001010110000 | 000001010110
0000001010011000 | 000001010011
0000001010001100 | 100101110101
0000001010000110 | 110111100110
0000001011010000 | 000001011010
0000001010101000 | 000001010101
0000001010010100 | 100101110110
0000001010001010 | 010011000011
0000001010000101 | 101100111101
0000000100000000 | 000000100000
0000000100100000 | 000000100100
0000000100010000 | 000000100010
0000000100001000 | 000000100001
0000000100000100 | 100100000100
0000000100110000 | 000000100110
0000000100011000 | 000000100011
0000000100001100 | 100100000101
0000000100000110 | 110110010110
0000000100101000 | 000000100101
0000000100010100 | 100100000110
0000000100001010 | 010010110011
0000000100000101 | 101101001101
0000000110000000 | 000000110000
0000000110100000 | 000000110100
0000000110010000 | 000000110010
0000000110001000 | 000000110001
0000000110000100 | 100100010100
0000000110110000 | 000000110110
0000000110011000 | 000000110011
0000000110001100 | 100100010101
0000000110000110 | 110110000110
0000000110101000 | 000000110101
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Error vectors Syndromes
0000000110010100 | 100100010110
0000000110001010 | 010010100011
0000000110000101 | 101101011101
0000000101000000 | 000000101000
0000000101100000 | 000000101100
0000000101010000 | 000000101010
0000000101001000 | 000000101001
0000000101000100 | 100100001100
0000000101110000 | 000000101110
0000000101011000 | 000000101011
0000000101001100 | 100100001101
0000000101000110 | 110110011110
0000000101101000 | 000000101101
0000000101010100 | 100100001110
0000000101001010 | 010010111011
0000000101000101 | 101101000101
0000000010000000 | 000000010000
0000000010010000 | 000000010010
0000000010001000 | 000000010001
0000000010000100 | 100100110100
0000000010011000 | 000000010011
0000000010001100 | 100100110101
0000000010000110 | 110110100110
0000000010010100 | 100100110110
0000000010001010 | 010010000011
0000000010000101 | 101101111101
0000000011000000 | 000000011000
0000000011010000 | 000000011010
0000000011001000 | 000000011001
0000000011000100 | 100100111100
0000000011011000 | 000000011011
0000000011001100 | 100100111101
0000000011000110 | 110110101110
0000000011010100 | 100100111110
0000000011001010 | 010010001011
0000000011000101 | 101101110101
0000000010100000 | 000000010100

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000000010110000 | 000000010110
0000000010101000 | 000000010101
0000000010100100 | 100100110000
0000000010111000 | 000000010111
0000000010101100 | 100100110001
0000000010100110 | 110110100010
0000000010110100 | 100100110010
0000000010101010 | 010010000111
0000000010100101 | 101101111001
0000000001000000 | 000000001000
0000000001001000 | 000000001001
0000000001000100 | 100100101100
0000000001001100 | 100100101101
0000000001000110 | 110110111110
0000000001001010 | 010010011011
0000000001000101 | 101101100101
0000000001100000 | 000000001100
0000000001101000 | 000000001101
0000000001100100 | 100100101000
0000000001101100 | 100100101001
0000000001100110 | 110110111010
0000000001101010 | 010010011111
0000000001100101 | 101101100001
0000000001010000 | 000000001010
0000000001011000 | 000000001011
0000000001010100 | 100100101110
0000000001011100 | 100100101111
0000000001010110 | 110110111100
0000000001011010 | 010010011001
0000000001010101 | 101101100111
0000000000100000 | 000000000100
0000000000100100 | 100100100000
0000000000100110 | 110110110010
0000000000100101 | 101101101001
0000000000110000 | 000000000110
0000000000110100 | 100100100010
0000000000110110 | 110110110000

Error vectors Syndromes
0000000000110101 | 101101101011
0000000000101000 | 000000000101
0000000000101100 | 100100100001
0000000000101110 | 110110110011
0000000000101101 | 101101101000
0000000000010000 | 000000000010
0000000000011000 | 000000000011
0000000000010100 | 100100100110
0000000000001000 | 000000000001
0000000000001100 | 100100100101
0000000000001010 | 010010010011
0000000000000100 | 100100100100
0000000000000110 | 110110110110
0000000000000101 | 101101101101
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Abstract

In this paper, we introduce the concept of a Generalized normed
space and prove a theorem for existence of an additive mapping in this
space. We show that our results extend some of the known results in
literature.
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1. Introduction and Preliminaries

It is well known that the Ulam’s [12] question in 1940: “Under what conditions
does there exist an additive mapping near an approximately additive mapping
?”, is the origin of the stability problem of functional equations. Many authors
have extended, generalized and improved the answer to Ulam's question such
as, Hyers [4] in the context of Banach space, K. Ravi, R. Murali and M.
Arunkumar [10] for quadratic functional equation, T. Aoki [1] for additive
mappings and Th.M. Rassias [8] for linear mappings in 1978 by considering
the unbounded Cauchy difference. It states as follows:

*2000 Mathematics Subject Classification. Primary 39B82, 39B70, 39B52.
fCorresponding author.  E-mail: mohammadpour_ar@yahoo.com
tE-mail: nabi_shobe@yahoo.com



202 Alireza Mohammadpour and Nabi Shobe

Theorem 1.1. (/8]) Let E, E’ be two Banach spaces and let § € [0, 00) and
p € [0,1). If a function f: E — E' satisfies the inequality

1f(z +y) = f(@) = F)I < Olll<]” + llyl"]

for all x,y € E. Then there exists a unique additive mapping T : E — E’

such that
20

() - T@) < 5~

for all x € E. Moreover, if f(tx) is continuous in t for each fived x € FE
then T is linear.

[Edls

In the following theorem J. M. Rassias replaced the sum by the product of
powers of norms.

Theorem 1.2. ([7]) Let f: E — E' be a mapping from a normed vector
space E into a Banach space E' subject to the inequality

1f(z+y) = flz) = F)l < ell=l”lyll” (1.1)

for all x,y € E, where € and p are constants with € > 0 and 0 < p <
1
3 Then the limit

L(x) = lim f(2")

n—oo 2N
exists for allx € E and L : E — E' is the unique additive mapping which
satisfies

1) = L)l < 5= o] (12)

forallx € E . If p <0, then the inequality (1.1) holds for x,y # 0 and

(1.2) for x #0. If p > % then the inequality (1.1) holds for x,y € E and the
limat .
A(z) = lim 2”f(2—n)
n—maoo
exists for allx € E and A : E — FE’ is the unique additive mapping which
satisfies
(Edl

I1£(2) - A@ £ 55—

for all x € E . If in addition f : E — E' is a mapping such that the
transformation t — f(tz) is continuous in t € R for each fized x € E, then L
18 R—1linear mapping.
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Also, the topic of stability of functional equations has been studied by a
number of mathematicians (see [6, 2, 3, 9, 5] for more detailed information).
Before giving the main results, we recall the definition of normed-binary op-
eration and some examples and lemmas were used in [11].

Definition 1.3. ([11])A normed-binary operation is a mapping ¢ : [0,00) X
[0,00) — [0, 00) which satisfies the following conditions:

(1) ¢ is associative and commutative,

(17) © is continuous,

(17i) a© 0 = a for all a € [0, 00),

(iv) aob < cod whenever a < ¢ and b < d, for each a, b, c,d € [0, 00).

Example 1.4. ([11])Let a,b € [0,00). Five typical examples of ¢ are:

(a) a<pb=max{a,b}

(b) aoeb=+a%+1?

(c) aogb=a+b

(d) acyb=ab+a+b

(e) aosb=(Va+Vb)

For a,b € [0,00), straight forward calculations lead to the following rela-
tions among normed binary operations giving above

ao1b<aosb<aozb<aoyb,
and
ao3 b <aoyb.

The follwing lemma defines a normed binary operation exploting some
properties of a self map on [0, 00).

Lemma 1.5. ([/11])Let f : [0,00) — [0,00) be a continuous, onto, and
increasing map. Let o : [0,00) x [0,00) — [0,00) be defined by

aob= f~1(f(a) + f(b)) for a,b € [0,00),
then © is a normed binary operation.

Example 1.6. ([11])Let f:[0,00) — [0, 00) defined by f(z) = e — 1. Then
aob= Ln(e*+e’—1) for a,b € [0,00) defines a normed binary operation.

We have the following simple observations about normed binary operation.

Lemma 1.7. ([11]) (i) Ifr,r" >0, thenr <ror'.
(i) If 6 € (0,r), there exist ' € (0,7) such that &' & <.
(i13) For every e > 0, there exists 6 > 0 such that § 00 < e.
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In this paper all vector spaces are real.
Now we are set to generalize the concept of a normed space.

Definition 1.8. Let X be vector space and ¢ be a binary operation. A gen-
eralized norm on X is a function: N : X — R that satisfies the following
properties:

(1) N(z) > 0 for each x in X,

(2) N(z) =0 if and only if x = 0,

(3) N(azx) = |a|' N(z) for some t € (0,00), for each z in X and every
a e R

(4) N(x +y) < N(z)o N(y), for each z,y € X.

The 3—tuple (X, N, o) is called a generalized normed space or a G—normed
space.

Example 1.9. Let (X, ||.||) be a normed space, a,b € [0,00), and z € X. If
we define ¢ : [0, 00) % [0, 00) — [0, 00),

(i) aob =a+0b, and N is defind by N(z) = ||z|, then (X, N,o) is a
G — normed space for t = 1.

(i1) a o b = va®+ b2, and N is defined by N(z) = \/|[|z]|, then (X, N, o)

is a G — normed space for t= 2.
(i11) aob = (v/a++/b)%, and N is defined by N(z) = ||z||*, then (X, N, o)

is a G — normed space for t = 2.

Remark 1.10. From Example 1.9 (i), we see that:
every normed space is a G — normed space.

Remark 1.11. In (3) of Definition 1.8 ¢ is unique.

Example 1.12. Let X = R?, if we define o : [0,00)x [0,00) — [0, 00) by
aob= (Va+ vb)* for a,b € [0,00), and define N : X — R by
N(z,y) = 2* +y* for 2,y € R,
then (X, N,¢) is a G — normed space for t = 4.

Definition 1.13. Let (X, N,¢) be a G — normed space. For r > 0, the ball
By (z,r) with center x € X and radius r is defined by

By(z,r)={ye X : Nz —y) <r}.

Definition 1.14. Let (X, N,¢) be a G — normed space. A subset A C X is
open if for every x € A, there exists r > 0 such that By(z,r) C A.
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Let 7 be the set of all open subsets A C X. It can be verified that 7 is a
topology on X, called a topology induced by generalized norme N.

Lemma 1.15. Let (X, N,o) be a G — normed space. Then
(1) N(azx) < N(x) for all real scalars a with |a| < 1.
(ii) if X is convex, then we get

N(az +(1—a)y) < N(z)o N(y)
for all x,y € X and every a € (0,1).
Proof. Proof immediately follows from Definition 1.8. O]

Definition 1.16. Let (X, N,¢) be a G — normed space. A sequence {z,} in
X s said to be convergent to x € X if for each ¢ > 0 there exists ng € N
such that

n>ny = N(z, — ) <e

We denote this by N(x, —z) — 0 asn — oo or lim z, = x.

n——aoo

Definition 1.17. Let (X, N,o) be a G — normed space. A sequence {x,}
in X is called a Cauchy sequence if for each € > 0, there exists ny € N such
that N(z, — z,,) < € for each n,m > ny.

The generalized normed space (X, N, ) is said to be generalized Banach
space or G — Banach space if every Cauchy sequence is convergent in X.
Now we prove the following basic lemmas needed in the sequel.

Lemma 1.18. Let (X, N,¢) be a G — normed space. If r >0, then the ball
Bn(z,r) is open.

Proof. Let y € By(z,r), so that we have N(z —y) < r. Put, N(z —y) =9
then by Lemma 1.7 there exists &' > 0 such that ¢’ ¢ < r. Now, we prove
that By(y,d') € By(z,r). For this, let z € By(y,d’). By triangle inequality
we have

N(z—2)<N@@—y)oNy—2z)<dod <.

This implies that
BN(y7 5/) g BN(‘%‘7 T)'

Hence By(x,r) is an open set. O

Lemma 1.19. Every G — normed space (X, N,©) is a Hausdorff space.
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Proof. Let z,y € X and = # y. If we set N(z —y) =r then for 0 < < r
by Lemma 1.7 there exists 0 < ¢ < r such that ¢ o § < r. We prove that
By(z,0) N By(y,0') = @. Let 2 € By(z,0) N By(y,d). Now, by triangle
inequality, we get that

r=Nx—-y)<N@E—2))oN(Ez—-y)< dod <,
which is a contradiction. Hence (X, N, ¢) is a Hausdorff space. O

Lemma 1.20. Let (X, N, o) be a G — normed space, then every convergent
sequence in X is Cauchy in X.

Proof. Let {z,} be a sequence in X which converges to x € X. For € > 0, by

Lemma 1.7 we can choose a 0 > 0 such that 6 ¢ § < e. Since z,, — =z, there

exists ng € N such that for every n > ny, we obtain that N(x, — x) < .
Thus for every n,m > ng, we have

N(zy — ) < Nz, —2) o N — ) <000 <.
Hence {x,} is a Cauchy sequence. O

Lemma 1.21. Let (X, N,o) be a G — normed space, then
addition + : X x X — X defined by + (v,y) =x+y and
scalar multiplication - : R x X — X defined by (o, x) = a-x
are continuous.

Proof. First we prove continuity of addition. Let x, — =z, y, — y. By
Lemma 1.7 for each € > 0 there exists 0 > 0 such that d ¢ § < e. Also, there
exists ng € N such that

n>ng— N(zx, —x) <4,

and
n>ng = N(y, —y) <9.

By triangle inequality we have
N((xp+yn) — (x4+y)) < N(zp—2)o Ny, —y) <000 <e.

Now we prove that scalar multiplication is continuous. Let «,, — «, and
x, — x( which means that lim N(z, —x) =0).

n—aoo
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Triangle inequality gives that
N(ap-xp—a-x) = Ny (v,—2)+(ap—a)z) < ]an\t N(x,—x)ola, — Oz|t N(x).
and so

limsupN (a2, — a-z) < lim |oy|" N(z, — ) o lim |a, — ol N(z) = 0.
n—soo n—m-=o0 n—-ao0
Hence
lim «o,z, = o L]
n—m-—ao0

Example 1.22. Let a ¢ b = max{a, b}, then there is not any t € (0,00) such
that

N(a-z) = |a|" -N(z).

Because If we assume that (on contrary), there exists t € (0,00) and N(«-z) =
la|"-N(z). Then by taking a = 2 we obtain:

12" -N(z) = N(2z) = N(z 4 z) < N(z) o N(z) = N(z),

which is a contradiction.
Henceforth, we assume that the normed binary operation ¢ on [0,00) X
[0, 00) satisfy the following properties:
(PI): a-(aob) = arao a-b for every o € RT and
(PII) : there exists h > 0 such that 1010 ---01 < n” for every n € N.

In the following example, we give some normed binary operations ¢ on
[0,00) x [0, 00) with properties (PI) and P(I1).

Example 1.23. Let a ¢ b = max{a,b} or aob=+v/a*+b>oraocb=a+bor
aob=(va+Vb)?

then in each case, ¢ satisfies properties (PI) and (PII).

The next example includes a normed binary operation ¢ on [0, 00) x [0, 00) which
does not satisfy (PI) and P(II) properties.

Example 1.24. Define ¢ : [0, 00) x [0,00) — [0,00) by aob = a+b+ab, for
a,b € [0,00). Obviously ¢ is not have (PI) and (PII) properties.
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2. Main Results

In the rest of this paper, we will assume that (X, N’,¢) is G — normed space
and (Y, N,¢) is G — Banach space.

Let ¢ be a function from X x X to X. A mapping f: X — Y is called
a ¢ — approximately Cauchy function, it

N(f(z+y) = f(z) = fy)) < N'(¢(z,y)) (2.1)
for all z,y € X.
Example 2.1. Let X =Y =R and N, N’ be usual norm. Let ¢ be a function
from X x X — X defined by ¢(z,y) = xy(x + y).

Let mapping f : R — R is defined by f(x) = sinx. Then one can easily
see that f is a ¢ — approximately Cauchy function, because:

[f(x+y)— flz)— fly)] = ‘—4sin(m+y).sin;sin%‘
< 4|ty Ty
- 2 22
|z + y| |zy|

for all z,y € R.
Hence f:R — Ris a ¢ — approximately Cauchy function.

In the sequel, all binary operation ¢ satisfy (PI) and (PII) properties.
Theorem 2.2. Let ¢ : X x X — X be a function and f: X — Y be a

¢ — approximately Cauchy function and for some 0 < a < 5 assume that,

N'(6(5,9)) < N'(ad(z, 1))

then there exists an additive mapping T : X — Y.
Morover, if aob < a+b for every a,b € [0,00), then

5 NV (9(z, 7)) (2.2)

forall € X andT s unique.
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Proof. Since fis ¢ — approzimately Cauchy function, put z =y in (2.1) to
obtain

N(f(2z) = 2f(z)) < N'(¢(z,2)) (z € X) (2.3)
Replacing x by 27" !z in inequality (2.3) we get
T T , r T
Q—n) —2f(2n+1) < N(ﬁb(QnH,ﬁ))
N'(ad(5; 5))
< Jal" N'(g(

N(f(

IN

r o x
on’ n

)

o N'(¢(x, 7))

IN

If set a,(x) = 2" f(27"x), we have

N(an(z) = anya(z)) = N@"f(27") — 2" f(27" 2))
= 2"N(f(27"z) —2f(27" @)
< [20]" N'(¢(x,2))

Also for n < m (n,m € N)

N(am(z) — an(z)) < N(ans1(x) = an(x)) © N(ani2(2) = ani1(2))
oo N(ap(x) — apm_1(x))
< [20" N'(¢(x, 2)) o [2a] " N'(g(x, 2))
o020 ™V N (¢, 2))
< 12a)" N'(¢p(z,z))(1olo---1)
(m—1)—n
< 20| N'(¢(z,z))(lolo---1)

m

< 20" N'((a,))-m"

It is easy to see that for every m > n, there exists s > 0 such that m < n®.
Thus

N(am(z) — an(x)) < [2a)™ -0 N'(é(z,2)) — 0.
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Which implies that a,(z) = 2"f(27"z) is a Cauchy sequence. Since Y
is G — Banach space, hence, for every x € X there exists y, € Y such
that lim a,(x) = y,(x). Indeed we can define a mapping 7' : X — Y by

n—-—ao0

T(x) = lim a,(z). That is

n——oo

lim N(2"f(27"x) — T(x)) = 0(z € X).

n——oo

Now, we show that 7" is an additive mapping. We have

NT(x+y) —Te-Ty) < N(T(x+y)—2"f27"(x+y))

ON2"f(27"x) —Tx)o N2"f(27 "y — Ty)
oN(2"f(27"(x +y) —2"f(27"x) = 2" f(27"y)
N(T(z+y)—2"f2"(x+y))) o N2"f(27"z) — Tx)
N (2" f(2 "y — Ty) o 2af™ N'(8(, ).

IA

As n — oo we get

N(T(z+vy) —Tx —Ty) — 0.

Hence T'(z+vy) = T(x) + T(y). Now we show that the mapping 7" satisfies
in the inequality (2.2).

We have

N(f(z) =T(z)) < N(f(z) = 2"f(27"z)) o N(2"f(27"2) — T(x)).
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Since

N((@) 2 (7) = N(Y 2 5(27) — 24 (e a)

N(f(x) - 2/(2"')) o N2F(2'x) — 22 (2 0))
oN(2" (2 ) — 2" (27 "))

IN

< N'(9(3:3) 02 N(6(F. D) o 2 N'(8(5, 2)
IRRRS 2(n—1)tN/<¢(2£n7 2‘%))
<

' N' (¢, 7)) 0 2a* N'(¢(z, ) 0 22 N' (¢ (x, )
o0 2V N (2, 7))

< o N'(p(z,2))(1 o (20)t o (20)H o - - - o (20) D
< o' N'(p(z,2))(1 + (2a) + (20)* + - + (2a) V)
< - _‘Em)tzv/w, 7).
Therefore
V() = T(0) £ 1= N (0o, 2)) o N(2*(27") = T (o).

As n tends to infinity we have

O_/t

N(f(z) = T(x)) < WN,(QS(%@)

For uniqueness, suppose 77 : X — X is another additive mapping such
that 7" # T and

t

N(f(z) - T'(x)) < —

< WN,((M%@)

for every = € X.
Also, since T and T" are additive we have

T(x)=2"T(27"x) and T'(z) = 2"T"(27"x)
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Hence we get

N(Tz—T'z) < N@2'T(27"z)—2"f(27"z)) o N(2"f(2 "z) — 2"T"(27"z))
< 2UN(TERT) - f(27) 0 2UN(F(2 ) - T2 )
< PGV G 3 0 2 = gV 0 30)
< 2N (0l 0)) 02N (0l )
< (m)nt%;a)tjv'(gb(x,x))u o1) — 0.
It follwes that T'= T". ]

Corollary 2.3. Let (X, |||,) be normed space and (Y, |-||,) be Banach Space.
Let ¢ be a function from X x X to X, and mapping f : X — Y be a
¢ — approximately Cauchy function. If for some 0 < a0 < % assume that,

Ty
|6 ||, < llast.y)ll,
then there exists a unique additive mapping T : X — Y such that

oz, 2)ll,

Q

I1£() = T(@)l, <

for all z € X.

Proof. If we take (X, |-[|,) = (X, N',¢) and (Y,]-[|,) = (Y, N,o) we get the
proof by Theorem 2.2 and Remark 1.10. O]
Example 2.4. Let X =Y = R and N, N’ be usual norm. Let ¢ be a function
from R x R — R defined by ¢(z,y) = xy(xT“’). Let f: R — R is defind

by f(x) =sinz. By Example 2.1 f is a ¢ — approzimately Cauchy function
and

1 1
05, 5)] < lagta )] for g <a <.

Hence all conditions of Corollary 2.3 are hold. So there exists a unique
additive mapping 7" : R — R such that

@) = T@)] < 1—5- [2°].
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where .
T(x)= lim 2"f(27"z) = lim 2"sin(—) = z.
n—so00 n—>o00 on
And o
— 3
|f(x) =T ()| = |sine —z| < o 2% .

We show that corollary (2.3) extends the theorems 1.1 ([8]) and 1.2 ([7]).

Corollary 2.5. Let X, X' be two Banach spaces and let 6 € [0,00). If a
function f: X — X' satisfies the inequality

1z +y) = f(@) = F)I < Olll<]” + llyl"] (2.4)

for all x,y € X. Then there exists a unique additive mapping T : X — X'

such that
20

1£@) = T < s lall”, for p>1. (2.5)
And 99
I£@) = T < 55, el for 0<p<1. (2.6)
Proof. We show that, if set
0 (2,) = (0,0)
o, y) = mxnxup T llylP) @ + ) (2,) # (0,0)

Then, all conditions of corollary (2.3) are established. Case of (x,y) =
(0,0) is obviously. In case of (z,y) # (0,0) we have

1f(z+y) = @) = FWl < ol y)l

S Y P
]l + 1yl

< O-(ll=l" + lylI)

Also we have

T = e ) =
[ DI = arsgp ell + P> e + w155

1
— f. p Py. —
= O(l=]” + lIyllP")- llz + ]l -5,

1

= ol
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1 1
i) Let p> 1. If set o = 2 then a < 3 and by corollary (2.3) there exists
an additive mapping 7' : X — Y such that

o
1 -2«
1

0
= 22| |24
L 2 2]
op

20

If(z) =T(@)] < oz, 2)|

2p 1
i) Let 0 < p < 1. Ifset a = i then a < 3 and by corollary (2.3) there

exists an additive mapping T : X — Y such that

o
1£@) - T@)] < —2flo(e.2)]
op
4 0 p
= 2 el 12
1_2.g 2=
4
op
= 20 ||z ||
T 2l
= el < 2. (By consider 1
= 5 ||| <5 llz||”. (By considering p < 1.)

]

Corollary 2.6. Let f: X — X' be a mapping from a normed vector space
X into a Banach space X' subject to the inequality

1f(z+y) = flz) = F)l < ell=l” ly]l”

forall x,y € X, where e > 0.
1
Ifp > 2 then there exists T : X — X' such that

T(z) = lim 2"f()

n—>o00 on
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forallz € X and T : X — X' is the unique additive mapping which
satisfies

2
[/t

1£(2) - T@) < 55—

1
Ifo<p< 2 then there exists T : X — X' such that

T(x) = lm 2"f(5;)

n—aoQ

forallz € X and T : X — X' is the unique additive mapping which
satisfies

1) = T@) < 3= lall”-
Proof. We show that if set
0 ) (z,y) = (0,0)
o(x.y) = @lyl” +y e’y (,y) # (0,0)

— 1—
[ o 7

Then all conditions of corollary (2.3) are established.
Case of (z,y) = (0,0) is obviously. In case of (x,y) # (0,0) we have

If(z+y) = fl@) = fW)l < oz, y)l

€

€ P p 1-p 1-p
”:EHkarHy”lfp'llxll [l Cll [+ [yl )
< ellzl” lyl”
Moreover
Ty B e2tP » » 1
[6G D = T 1@ I+ el
1 € » »
= ﬁ'Hx||1_p+HyH1_p‘H(:UHyH +y =)

1
= oyl
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1 1 1
i) Let p > 3" If set & = 72 then a < 3 and by corollary (2.3) there exists
an additive mapping 7' : X — Y such that

«

1 -2«
1

22 € 14+p
= ' =2«
] 7
2%

€ 2

If(z) =T ()] < oz, )|

2p

1 1
i1) Let 0 < p < 3" If set a = e then a < 3 and by corollary (2.3) there
exists an additive mapping 7' : X — Y such that

«

1) -T@) <

¢z, )]

< €
= 2w

1
||I||2p (By considering p < 5)
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1. Introduction

Kamps [18] introduced the concept of generalized order statistics (gos). It is
know that order statistics, upper record values and sequential order statistics
are special cases of gos. In this paper we will consider the lower generalized
order statistics (lgos). Which is given as

Let n € N, k> 1, m € R, be the parameters such that
Y=k+n—-r)(m+1)>0, forall 1<r<n.

Then X*(1,n,m,k),..., X*(n,n,m, k) are n lgos from an absolutely con-
tinuous distribution function (df) F(x) with the corresponding probability
density function (pdf) f(x) if their joint pdf has the form

n—1 n—1
E(TT ) (TIF @™ f @) ) IF @)l f () (L.1)
j=1 i=1
for F7Y(1) >z > 29 > ... > 2, > F71(0).
The marginal pdf of the r—th lgos, X*(r,n,m, k) is
C,_ _ —
Frrtmm(@) = LA @I @ (P@) (12
and the joint pdf of X*(r,n,m,k) and X*(s,n,m,k), 1 < r < s < nis
expressed from (1.1) as

fX*(r,n,m,k),X*(s,n,m,k) (.1', y) = (T _ 1)|f;s__1 r— 1)| [F(x)]mf(x)g;;l(F(l‘))
X[ (F(y)) = hon(F(2))* " HF ()] f(y), = >, (1.3)
where
Cro1 = H% , vi=k+(n—i)(m+1),
tnte) ={
and

gm () = hp(z) — hyn(1), z €[0,1).
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We shall also take X*(0,n,m,k) = 0. If m =0, k = 1, then X*(r,n,m, k)
reduced to the (n — r 4+ 1)—th order statistics, X, 1., from the sample
X1, Xo,..., X, and when m = —1, then X*(r,n, m, k) reduced to the r— th
lower k record value (Pawlas and Szynal, [14]). The work of Burkschat et al.
[11] may also refer for lower generalized order statistics.

Saran and Pandey [7] and Khan et al. [16] have established recurrence rela-
tions for marginal and joint moment generating functions of lgos from power
function and generalized exponential distributions. Ahsanullah and Raqgab
[10], Ragab and Ahsanullah [12, 13] and Kumar [3] have established recur-
rence relations for moment generating functions of record values from Pareto,
Gumble, power function, extreme value and generalized logistic distributions.
Recurrence relations for marginal and joint moment generating functions of
from power function and Erlange-truncated exponential distribution are de-
rived by Saran and Singh [8] and Kumar et al. [4]. Al-Hussaini et al. [5, 6]
have established recurrence relations for conditional and joint moment gen-
erating functions of gos based on mixed population, respectively. Khan et
al. [15] have established explicit expressions and some recurrence relations for
moment generating function of generalized order statistics from Gompertz dis-
tribution. Kamps [19] investigated the importance of recurrence relations of
order statistics in characterization.

In the present study, we have established exact expressions and some recur-
rence relations for marginal and joint moment generating functions of [gos
from extended type I generalized logistic distribution. Results for order statis-
tics and lower record values are deduced as special cases and a characterization
of extended type I generalized logistic distribution has been obtained on using
conditional expectation and recurrence relation for marginal moment generat-
ing functions.

A random variable X is said to have extended type I generalized logistic dis-
tribution if its pdf is of the form

aX¥e ™
and the corresponding df is
F(x)—(LYé —oco<r<oo, aA>0 (1.5)
S\ A te/) » -
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When o = A = 1, we have the ordinary logistic distribution and when A\ = 1,
we have the type I generalized logistic distribution.

For more details on this distribution and its applications one may refer to
Olapade [1, 2].

2. Relations for Marginal Moment Generating
Function

Note that for extended type I generalized logistic distribution defined in (1.4)
aF(z) = (1+ Xe®) f(z). (2.1)

The relation in (2.1) will be used to derive some recurrence relations for the
moment generating function of [gos from extended type I generalized logistic
distribution.

Let us denote the marginal moment generating functions of X*(r,n, m, k) by
Mx+(rpmi () and its j—th derivative by M)(g*)(r,n,m,k) (1).

We shall first establish the explicit expressions for M« (ynmx)(t) . Using (1.2),
we obtain when m # —1

M- rmm (1) = % / Z [P ()] f () gl (F(x))da
o Cr—l
~(r—1)!

Ii(y, — 1,7 —1) (2.2)

where

L) = [ @@ (F@)ds 23)

o0

Further, on using the binomial expansion, we can rewrite (2.3) as

By = s U () [t a2

u=0
Making the substitution z = [F(z)]'/, (2.4) reduces to

b

@ u b ' —t a(a+(m+1)u _
bob) = s S0 () [ sy,

u=
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oo (Op)3”
p=0 pt

On using the Maclaurine series expansion (1 — z)™" ="
where

1)... -1), p=1,2,...
(t), = {tlgtﬂ (4p-D), p=12

and integrating the resulting expression, we obtain

a & (b )
400 = s Y () s e ¢

p=0u=0
(2.5)
and when m = —1 that
b
0 (b
I;(a,b) = o @ ZO(—l) ( " ) = 0.
Since I;(a,b) is of the form § at m = —1, therefore we have
o b
a b (D w)
I(a.b) = ———M— —1) .
s(a;b) A(m + 1)b ;;( ) ( u ) pllafa+ (m+ Du+ 1)+t +p
(2.6)

Differentiating numerator and denominator of (2.6) b times with respect to m,
we get

Ij(CL, b) =

x|

© b i b (t)(p)abub
;:%2(_” ( u ) pla(a+ (m+u+ 1)+t +pP T

u=

On applying L. Hospital rule, we have

: & () ) ' utb [0 b
mh_{r_lllj(a’ b) o 2\t Zpl[a<a + 1) +t +p]b+1 Z(_l) ( U ) u b>0.

p=0 *" u=0

But for all integers n > 0 and for all real numbers z, we have Ruiz [17]

zn:(—ni ( TZL ) (z — )" = nl. (2.7)

1=0

Therefore,
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Hence

labt! & t
lim I(a,b):ba B

m——1 A pllafa+ 1) + ¢+ plb+t

(2.8)

Now substituting the above expressions for /;(y, — 1,7 — 1) in (2.2) and sim-
plifying, we obtain when m # —1 that

co r—1

- aC,_ r—1 () (p)
MX*(r,n,m,k)(t)_ A\t (7"—1 m+1 r— 1;)1; < ) p!(Oé%«—u—Ft—Fp)'
(2.9)
and when m = —1 that
(ak)" = (t)(p)
My — t) = , t#0. 2.10
X*(rm, 1,19)() A\ pgop'(ak—'—t—’—p)r 7é ( )

Applying D’ Alembert’s Ratio test for convergence, it can easily be seen that
Mx+(rpn,—1)(t) exist V¢, — oo <t < oo and is analytic in V .
Differentiating (2.9) and (2.10) and evaluating at ¢ = 0, we get the mean of
the r—th lgos.

Special cases

i) Putting m = 0, k = 1in (2.9), the explicit formula for marginal moment gen-
erating functions of order statistics of the extended type I generalized logistic
distribution can be obtained as

M (t) . aCr:n io: rzi r—1 (t)(p)
Y == plla(n —r+14+u)+t+p|
That is
M — O‘C’” - i 3 p(n-r (D)
xoalt u ) Pl il
where
C’7”:71 = !

(r—D!n—r)l"
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ii) Setting k£ = 1 in (2.10), we get the explicit expression for marginal moment
generating function of lower record values from extended type I generalized
logistic distribution can be obtained as

0" & (t)(p)
Mx, (t)=—» —F——, t#0.
L(r) 2\ p;opl[a+t+p]r

A recurrence relation for marginal moment generating function for [gos from
df (1.5) can be obtained in the following theorem.

Theorem 2.1. For the distribution given in (1.5) and for 2 <r <n, n>2
and k=1,2...

¢ . : j 1)
1 —)M“E t) = MY t) — L MU /
< + ayy X (r,n,m,k)< ) X (rfl,n,m,k)( ) ayy X (r,n,m,k)( )

A . o
—a—%{ M iy (1) + M0+ 1)}. (2.11)

Proof. From (1.2), We have

OT— OO x — r—
My t) = o [ @ @i (Pl (242
Integrating by parts treating [F'(z)]" ! f(x) for integration and rest of the
integrand for differentiation, we get

tOT— - T r—
MX*(r,n,m,k) (t) = MX*(T—I,n,m,k) (t) — ”y(r——ll)'/ et [F(l’)]’yrgm 1(F($))d$,

the constant of integration vanishes since the integral considered in (2.12) is a
definite integral. On using (2.1), we obtain

MX* (r,n,m,k) (t) - MX* (r—1,n,m,k) (t)

= [ etror (2w (s

_Vr(r_l)! —0o0 a

t
= {MX*(WW,C) (£) = AM (i ( + 1)}. (2.13)

- MX*(T—Ln,m,k) (t) -
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Differentiating both the sides of (2.13) j times with respect to ¢, we get

() _ ) V)
MXJ*(’/‘,n,m,k:) (t) - M)g*(r—l,n,m,k) <t> - . M)g*(r,n,m,k) (t)
J_ G- AL G) Ay rG-D)
———My, ty — —My, t+1)— My, t+1).
af)/r X (T>n:mzk)( ) afyr X (r,n,m,k)( + ) Of}/’r X (r,n,m,k)< + )

The recurrence relation in equation (2.11) is derived simply by rewriting the
above equation.

By differentiating both sides of equation (2.11) with respect to ¢ and then
setting ¢ = 0, we obtain the recurrence relations for moments of lgos from
extended type I generalized logistic distribution in the form

E[X*(r,n,m, k)] = E[X*(r — 1,n,m, k)]

_ {BLX9 (rn,m W] + ABLO(X (rmom B}, (214)

vy

where
(x) = 277 te”.

Remark 2.1. Putting m =0, k =1 in (2.11), we obtain the recurrence rela-
tion for marginal moment generating function of order statistics for extended
type I generalized logistic distribution in the form

1 ) e N - g9 N J MUY (g
( * a(n —7r -+ 1) X”—“rli"( ) Xn—r+2:n( ) a(n —r+ 1) Xn—r+1m( )

A {t A9

t+1) +MIY  (t41 }
a<n_r+1) anr+1:n( + )+'] X 7'r+1:n< + )

n

Replacing (n —r + 1) by » — 1, we have
, ¢ ‘ j .
MP (0= (1+——=)MY )+ —L—m@
Xr:n( ) + Oé(?” _ 1) erlzn( ) + Oé(?” _ 1) erl:n( )

A .
+—{tM§g)

t+ 1)+ MUY (1 }
O{(r—l) T_I:n( + )—I—j XT‘—l:n( + )
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Remark 2.2. Setting m = —1 and k£ > 1, in Theorem 2.1, we get a recurrence
relation for marginal moment generating function of lower k record values for
extended type I generalized logistic distribution in the form

LNy () 1)
(1+&k>M§w =M 0= LMD

A

l

3. Relations for Joint Moment Generating Func-
tion
On using (1.3) and binomial expansion, the explicit expression for the joint

moment generating of lgos X*(r,n,m, k) and X*(s,n,m,k) 1 <r <s<n,
can be obtained when m # —1 as

Csl
(r—Ds—r—1!(m+1)52

xrz_isil(_l)a%(r;l ><s—2—1)

MX*(r,n,m,k),X*(s,n,m,k) (tlv t2)

X _OO [P ()]t p(y [ (2)de, x>y (3.1)
where
Ia)= [ e E@P )y (32)

By setting z = [F(y)]"/* in (3.2), we obtain
o Y|s-etptz)/a

o« (t2) <p>
R pZO Navrys— b+p+t2)

On substituting the above expression of I(x) in (3.1), we find that

aCs 1
Az (r—D)l(s—r—1)1(m+ 1)~

MX*(Tnmk) X*(snmk)(t17t2)
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SEFer () ()

p=0 a=o0 b=0

t o0
x ( 2)(]?) / etw[F(l.)]’Yr—a*1+(p+t2)/af(x)dx
playsp +p+1t2) J o

020, 0o oo 7"—15—7"—1_ -1
/\t1+t2(r—1)(s—r—1)(m+1)52 ZZ( 1 ( a >

< s—r—1 ) (t2)
X
b plgl(ays—p +p +ta)

and for s =r+1

OYr—a+D+q+ 1+ 1)

—| =

MX* (r,n,m,k),X*(r+1,n,m,k) (tl ) t2)

20 oo oo r—1 _1
)\t1+t2(7~ _al r IZZZ (T >

p=0 ¢=0 a=o

(t2) ) (t1) (@)
p oy +p+ta)(ay—a +p+ g+t +12)

At m = —1, (3.3) is of the form J as S (=1)e ( " ; 1 ) = 0.
Therefore applying L’ Hospital rule and using (2.7), we have

Mx(rn,—1,),x*(s,n,—1,k) (t1, 2)

_ (ak)s ii (t2>(p)<t1)( ) (35)

plgl(ak +p+t)s(ak+p+q+t;+1to)"

Mx(r,—1,16), X (r41,n,—1,1) (t1, t2)

— (ak>7'+1 io: io: <t2)(p) (t1>(Q) ) (36)
Atts == plgl(ak +p+to)(ak +p+q+t1 +t2)"

Differentiating (3.3), (3.4), (3.5) and (3.6) and evaluating at t; = to = 0, we
get the mean of the r—th lgos.
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Special cases

i) Putting m = 0, k = 1, in (3.3), the explicit formula for joint moment
generating functions of order statistics for extended type I generalized logistic
distribution can be obtained as

MXn—r+1,n—s+l:n (tl’ t2)
co oo r—1s—r—1 - 1 s , 1
o r,.smn a+b - — T —
Sy e () ()
=0 a=o0 b=0
(t2) ) (1) (9)

plgla(n —s+1+b)+p+t)lan—r+1+a)+p+q+t+ta]
That is

co oo r—1s—r—1
et - e S s () ()

p=0 ¢=0 a=o0 b=0

X

y (t2) () (t1)(q)
plg!fa(r +0) +p+to]la(s +a) +p+q -+t + o]’

where

n!

Cron = r—1Dls—r—Dln—s)!

ii) Setting £ = 1 in (3.5), we get the explicit expression for joint moment gen-
erating function of lower record value for extended type I generalized logistic
distribution can be obtained as

(2) ) (1) )
M th,ts) .
Xugo Xao (P12 12) At1+t2 pzo qzo plgla+p+ita)(a+p+q+ts+t)

Making use of (2.1), we can derive the recurrence relations for joint moment
generating function of lgos from (1.5).

Theorem 3.1. For the distribution given in (1.5) and for 1 <r < s <mn,
n>2and k=1,2...

(4,9) (4,9)
(1 + ay ) MX*](T n,m,k),X*(s,n,m,k) (tl’ t2> MX*J(T n,m,k),X*(s—1,n,m,k) (tl’ t2)
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J (i,5—1)
—— M . bt
Qs X (rn,m k), X (Sfl,n,m,k)< 1, t2)
A (i)
05’78 {t2MX*(7‘nmk) X*(snmk)(tth + 1)

MY setommi it + D). (3.7)

Proof. Using (1.3), the joint moment generating function of X*(r,n,m, k)
and X*(s,n,m, k) is given by

MX* (r,n,m,k),X*(s,n,m,k) (tl ) t2)

Cs—l /OO [F(2)]™ f(x)g" H(F(2))G(x)dx (3.8)

o

Gla) = [ e, (F(5) = o (F () (P ) F )y

Solving the integral in G(z) by parts and substituting the resulting expression
n (3.8), we get

MX* (ryn,m k), X*(s,n,m,k) (tly t2) = MX* (ryn,m,k),X*(s—1,n,m,k) (tla t?)

e

X gy, (F (fv))[hm(F () = B (F (@) F ()] dyd,
the constant of integration vanishes since the integral in G(x) is a definite
integral. On using the relation (2.1), we obtain

MX*(r,n,m,k),X*(s,n,m,k) (tla t2) = MX*(r,n,m,k),X* (s—1,n,m,k) (tla t?)

13
Qs
)\tg
s

MX*(r,n,m,k:),X*(s,n,m,k) (tla t2)

(3.9)

MX*(rnmk) X*(snmk)(t17t2 + ]-)
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Differentiating both the sides of (3.9) ¢ times with respect to t; and then j
times with respect to ty, we get
(4,5) — py(ind)
M m k) x (s (1 02) = M6 b e (a1 mm iy (T 2)
ta (i)
g X rnm ), X+ (s,mm k) (t1,12)

J o pGi—1)
o _MX*j(r,n,m,k),X* (s,n,m,k) (tl? t2)

__MX*](T,n,m,k),X*(s,n,m,k) (t17 t2 + 1)
JA o G-
LA VA% . tits + 1),
s X*(rm,m,k),X (s,n,m,k)( 1, 62 )
which, when rewritten gives the recurrence relation in (3.7).
One can also note that Theorem 2.1 can be deduced from Theorem 3.1 by
letting ¢; tends to zero.
By differentiating both sides of equation (3.7) with respect to ¢;, ts and then
setting t; = t = 0, we obtain the recurrence relations for product moments of
lgos from extended type I generalized logistic distribution in the form

E[X*i(r,n,m, k),X*j(s,n,m,k)] = E[X*i(r, n,m, k),X*j(s —1,n,m, k)]
_J

s

+AE[Q( X" (r,n,m, k), X*(s,n,m, k’))]}, (3.10)

{E[X*i(r, n,m, k), X s, n,m, k)]

where
oz, y) = 'y’ 'ev

Remark 3.1. Putting m = 0, k£ = 1 in (3.7), we obtain the recurrence
relations for joint moment generating function of order statistics for extended
type I generalized logistic distribution in the form

(1 + ( 2 )M( J) (tla tg) — M( J) (tl,tQ)
(6]

n—s _|_ 1 Xn—r+1,n—s+1;n Xn—T+1,n—s+2:n

- men—T+l,n_s+1m (t17 t2)
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A (i.4) o i—1)
_a(n — S + 1) {t2MX”—7‘+1,n—S+ltn (tl’ t2 + 1) + jMXn—r+l,n—s+1:n (tl’ t2 + 1)}

That is

i\j th irj 4 i—1,5)
MED (1) = (1 JMED, (st M (41
Xr,s:n( 1y 2) + a(,r. _ 1 Xr—l,s:n< 1y 2) _|_ Oé(’l" _ 1 Xr—l,s:n< 1y 2)

A (4,5) 2 r(i=1,9)
+a(7’ - 1) {thXril’S:n (tl + 1’ tz) + ZMXT*l,S:n (tl’ t2)}

Remark 3.2. Substituting m = —1 and &£ > 1, in Theorem 3.1, we get
recurrence relation for joint moment generating function of lower k record
values for extended type I generalized logistic distribution in the form

la

(i.3) _ pgd)
(1 + &) MX*](r,n,—l,k),X*(s,n,—l,k) (t17 t2) - MX*j(r,n,—l,k),X*(s—l,m—l,k) (th t2)

J o pGi5-1)
B @MX*](Tvm—Lk),X*(s,n7—1,k) (t1,12)

A

(4,9)
_%{tZMX*J(Tvn’—Lk),X*(s,n,—l,k) (tla t2 + 1)

y (iv '_1)
+]M *J(r,n,fl,k),X* (s,n,—1,k) (tlv to + 1) } .

4. Characterization

Let X*(r,n,m,k),r =1,2,...,n belgos from a continuous population with df
F(x) and pdf f(x), then the conditional pdf of X*(s,n, m, k) given X*(r,n,m, k) =
z,1 <r<s<n,in view of (1.2) and (1.3), is

CYs—l
fX*(s,n,m,k)\X*(r,n,m,k)(y|$) - (S oy 1)!07“—1

()

[ (F(y)) = hin(F (@) F @) f (). (4.1)

Theorem 4.1. Let X be an absolutely continuous random variable df F(x)
and pdf f(x) on the support (—oo, 00) then

E[etX*(s’”’m’k) | X*(l,n,m, k) = x|
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(=D Dy (AN (Y
= , l=rr+1 4.2
ng Afp! ( ) i (’ylﬂ p/a) (42)
if and only if
A fe?
F(x) = </\+e—x> , —oo<z<oo, aA>0.
Proof. From (4.1), we have
Cs—l

E tX*(s,n,m,k) X* k) = —
[6 | (r,n,m, ) .Z'] (S o 1)!C’T_1(m + l)s_r_l

S TG R

By setting u = ?Z; = (iii:i) from (1.5) in (4.3), we obtain

,Z'] o Cs—l
C(s=r=DIC,_y(m+ 1)1

E[etx*(s’”’m’k)\X*(r, n,m, k) _
1
X / [(A+ e_z)u—l/a — N1 — W) T
0

B Csa — (=D"t) ) (A +em\P
C(s—r—=DIC,_y(m+ 1)1 Zo Atp! ( A >

p=

1
></ ws Pl gmAtysTr=ley, (4.4)
0
Again by setting z = u™! in (4.4), we get

Os—l
(s —r—=1)IC,_1(m+ 1)

- (_]‘>t(t) A+e"\P ! ak=p 4 g s—r—

p=

B[efX nmk)| X4 (1 n om, k) = 2] =

00 ak—p .
_ Coq Z (=1 (t) ) ()\ + ef”)pr<a(m+1) +n S)
Croa(m+ 1) p=0 APt A F(tl?rlrﬁ;i-pl) - T)
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_ Cs—l > (—1)t<t>(p) (/\‘i‘ e~ T\P 1

Croy 2 Nip) X >n§:;‘<%+j—p/a>

and hence the result given in (4.2).
To prove sufficient part, we have from (4.1) and (4.2)

Cs,1 - tay m+1 m+171s—r—1
e e @) = (P
<[F@)* )y = [P H(2), (4.5
where
(1) (B (At eI\ (s
i pX: Atp! ( ) 31:[1<%+7 +p/a>

Differentiating (4.5) both sides with respect to x, we get

OS 1[ ( )]mf(l‘) > t2y m+1l m+11s—r—2
e et | e = (P

o0

<[F) = f(y)dy = Hy(2)[F ()] + s Hy () [F ()77 f(2)
Vet Hyp1 (2)[F ()27 f ()
= Hy(2)[F(2)]" " 4y Hy () [F ()7 f ().
Therefore,

fa) _ H)(x) o«
F(z) ~ GemlHra(x) — H@)]  (1+ he?)

which proves that

A e?
F(x)z(/\+6_x>, —oo<zr<oo, aA>0.

Theorem 4.2. Let X be an absolutely continuous distribution function F(x)
with F(0) =0 and 0 < F(z) <1 for all x, then

MX*(r,n,m,k:) <t> - MX*(T—I,n,m,k) <t>
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t
- { M+ ey () MM (o1 (£ + 1)}. (4.6)
if and only iof
A e
F(x)z( ), —o<r<oo, aA>0.
Ate®

Proof. The necessary part follows immediately from equation (2.11). On the
other hand if the recurrence relation in equation (4.6) is satisfied, then on
using equation (1.2), we have

e [ PP g (P

G [ e r @ g )

[e9]

T @ g (P

s [ @ @ (P, (4)

oo

Integrating the first integral on the right hand side of equation (4.7), by parts,
we get

ey P F@){ P - ) - s e =0
(4.8)

Now applying a generalization of the Miintz-Szdsz Theorem (Hwang and Lin,
[9] to equation (4.8), we get

f(z) a

F(x) (14 Xe®)

which proves that

A
A+e®

(0%
> , —oo<z<oo, a,A>0.

F(x)z(
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5. Conclusion

This paper deals with the lower generalized order statistics from the extended
type I generalized logistic distribution. Some explicit expressions and recur-
rence relations for marginal and joint moment generating functions are derived.
Characterizing results of the extended type I generalized logistic distribution
has been obtained by using conditional expectation and recurrence relation of
lower generalized order statistics. Special cases are also deduced.
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1. Introduction

Fractional integral equations have recently been applied in various areas of
engineering, science, finance, applied mathematics, bio-engineering, radiative
transfer, neutron transport and the kinetic theory of gases and others [5, 9, 10,
11, 15, 16]. However, many researchers remain unaware of this field. There has
been a significant development in ordinary and partial fractional differential
and integral equations in recent years; see the monographs of Abbas et al.
[4], Baleanu et al. [6], Diethelm [13], Kilbas et al. [17], Miller and Ross [18],
Podlubny [24], Samko et al. [25]. Recently some results on the existence and
the attractivity of the solutions of various classes of integral equations have
been obtained by Abbas et al. [1, 2, 3], Banas and Zajac [7], Darwish et al.
[12], Pachpatte [19, 20, 21, 22, 23] and the references therein. In most of the
above cited papers the main tool was the measure of noncompactness. In [23],
Pachpatte proved some results concerning some basic qualitative properties of
solutions of the following general partial integral equation of Barbashin type
of the form

x(t, x) :h(t,x)+/o f(t,x,s,u(s,x))ds—i—/o /Bg(t,a:,s,y,u(s,y))dyds; (1)

for (t,x) € E, where h : R, x B >R, f: E} xR >R, g: E*xR - R
are given functions continuous functions, Ry = [0,+00), B = [[%[a;, bi] C
R™(a; < b;),E = Ry x B, B} = {(t,z,s) : 0 < s <t < o0, x € B}.
To establish the results, he obtains and uses a variant of a certain integral
inequality with explicit estimate.

In this paper, by means of integral inequalities and the fixed point ap-
proach, we improve the above results for the following partial integral equation
of Riemann-Liouville fractional order of the form

u(t,x) = p(t,z) + /0 (t —s)" " f(t, x, s,u(s, x))ds

['(r1)

1 ' ’ r1—1 ro—1 .
+m/o /0 (t—s)" " (b—y) " g(t,x, s,y,u(s,y))dyds; (t,x) € J, (2)

where J = R, x [0,0], b > 0, r = (r,72), 11,72 € (0,00), p:J — R, f:
Ji xR =R, g:Jo x R— R are given continuous functions,

J={(t,x,s): 0<s<t<oo, xe€|0},
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Jy = {(t,z,8,y) :0<s<t<oo, z€[0,b], yel[0,b)}

and I'(.) is the (Euler’s) Gamma function defined by I'(§) = [~ ¢~ te~"dt, & >
0.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. Let L'([0,a] x [0,0]); a,b > 0 we denote the
space of Lebesgue-integrable functions « : [0, a] x [0,b] — R with the norm

a b
lull, = / / u(t, 2)|ddt.
0 0

As usual, by C := C(J) we denote the space of all continuous functions from
J into R. By BC := BC(J) we denote the Banach space of all bounded and

continuous functions from J into R equipped with the standard norm

[ullpe = sup Ju(t, z)|.
(t,x)ed

Definition 1. ([25]) Let r € (0, 00). For u € L'([0,b]); b > 0 the expression

(T5u)(0) = 55 | (=9 Muts

is called the left-sided mixed Riemann-Liouville integral of order r.

In particular,
t
(100)(t) = u(t), (Ilu)(t) = / u(s)ds; for almost all ¢ € [0, 5],
0
For instance, IJu exists for all r > 0, when u € L'(]0,b]). Note also that when
u € C([0,0]), then (Iju) € C([0, b)),
Example 2.1. Let w € (—1,0) U (0,00) and r € (0,00), then

e Tt
It = F(l—i-—w-i-?")t *r for almost all t € [0, 1].
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Definition 2. [25] Let » € (0,00) and u € L'([0,a] x [0,b]); a,b > 0. The
partial Riemann-Liouville integral of order r of w(t,z) with respect to x is
defined by the expression

1

Iy u(t,z) = m/o (t — )" tu(s, x2)ds,

for almost all (¢,x) € [0,a] x [0, b].
Analogously, we define the integral

1 ' r—1
F(r)/o(t_s) u(z, s)ds,

for almost all (z,t) € [0,a] x [0, b].

Ig,tu(‘ra t) =

Definition 3. ([26]) Let r = (ry,r2) € (0,00) x (0,00), 8 = (0,0) and u €
L]0, a] x [0,0]). The left-sided mixed Riemann-Liouville integral of order r of
u is defined by

(Tju) (¢, z) = W / / (= )N — ) (s, y)dyds.

In particular,
(Tgu)(t, ) = u(t,z), ([fu)(t,z)

t T
= / / u(s,y)dyds; for almost all (t,z) € [0,a] x [0,0],
0 Jo

where 0 = (1,1).
For instance, [ju exists for all 7,75 > 0, when u € L'([0,a] x [0, b]). Moreover

(Iyu)(t,0) = (Iyju)(0,z) = 0; t € [0,a], = € [0,D].

Example 2.2. Let \,w € (—1,0) U (0,00) and r = (ry,rz) € (0,00) x (0,00),
then
F(l + )‘)F(l + W) t/\-l-rll,w-‘rm

Irthw — ’
o D1+ A+ 7)0(1 4w+ 1))

for almost all (t,x) € [0,a] x [0,b].
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Let G be an operator from Q C BC; € # () into itself and consider the
solutions of equation

(Gu)(t,z) = u(t,x). (3)

Now we review the concept of attractivity of solutions for equation (1) (see
3])-

Definition 4. Solutions of equation (3) are locally attractive if there exists a
ball B(ug,n) in the space BC such that for arbitrary solutions v = v(¢, ) and
w = w(t,z) of equations (3) belonging to B(ug,n) N2 we have that for each
z € [0,0]

tlig(v(t, x) —w(t,z)) =0. (4)

When the limit (4) is uniform with respect to B(ug, 7)N$2, solutions of equation
(3) are said to be uniformly locally attractive (or equivalently that solutions
of (3) are locally asymptotically stable).

Definition 5. The solution v = v(¢, x) of equation (3) is said to be globally
attractive if (4) hold for each solution w = w(t,z) of (3). If condition (4) is
satisfied uniformly with respect to the set €2, solutions of equation (3) are said
to be globally asymptotically stable (or uniformly globally attractive).

Denote by D, := %, the partial derivative of a function defined on J; (or

Jo) with respect to the first variable. In the sequel we will make use of the
following Lemma due to Pachpatte.

Lemma 2.3. (/23]) Let w € C(J), q,D1q € C(J1),k, D1k € C(Js) be positive
functions, and ¢ > 0 is a constant. If

u(t, x) §c—|—/0 q(t,x,s)u(s,x)ds—l—/o /0 k(t,x,s,y)u(s,y)dyds; (t,x) € J,
(5)

then,
ult, ) < cP(t, ) exp ( /0 Ao, x)da); (t,2) € J, (6)
where
P(t,x) = exp(Q(t, 7)), (7)
i which

Qo) = [ fatwaw+ [ Duata.r. 1de]dn ®)
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and

A(t, x) :/0 k(t,x,t,y)P(t,y)dy—i—/o /0 P(s,y)D1k(t,x, s,y)dyds; (t,z) € J.
(9)

3. Main Results

Let us start by defining what we mean by a solution of equation (2).

Definition 6. A function u € BC' is said to be a solution of (2) if u satisfies
the equation (2) on J.

Our first result is about the existence and uniqueness of the solution of
equation (2).

Theorem 3.1. Assume that following hypotheses hold

(Hy) The function p is continuous and bounded with

pr= sup |u(t, ).
(t,2)ER4 x[0,b]

(Hy) There exists a positive function g € BC(Jy) such that
|f<t,$, S, ’LL) - f(ta Z, S>U)| < Q(ta Z, S)|U - U|a

for each(t,z,s) € Jyand u,v € R.

Moreover, assume that the function t — [J(t — s)" " f(t,2,5,0)ds is
bounded on J with

f*= sup
(tm)EJF( )

(H3) There exists a positive function k € BC(Jy) such that

/t(t — )" f(t, x,5,0)|ds.
0

l9(t, z, 5,9, u) — g(t, 2, 5,y,0)| < k(t,2,s,y)|u— v,

foreach (t,z,s,y) € Jy and u,v € R. Moreover, assume that the function
t— fob(t —s) 7"1_1(b —y)2g(t, x, 5,y,0)dyds is bounded on J with

g = sup / / 1o — ) gl 2,5, 9, 0)|dyds.
7“2

(ta)ed T(ry)T(ry)
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If
¢+ k<1, (10)
where
1 ¢ .
g- = sup [ / t—s”’qt,x,sds],
(t,x)ed F(Tl) 0 ( ) ( )
and

1 t b
k* = _— t—s)"" b —y)2 k(1 dyd
wp [ [ = 0= s gpagas],

(t,x)ed

then equation (2) has a unique solution on J.
Proof. Let us define the operator N : BC' — BC, such that for each (¢, z) € J,

(Nu)(t,z) = u(t,x) + ﬁ/o (t—8)" " f(t, @, 8, u(s, x))ds

1 ' ’ r1—1 ro—1 .
—l—m/o /0 (t—s) " (b—y)? gt z,s,y,u(s,y))dyds; (t,z) 6({1)

It is clear that the function (¢,z) — N(u)(t,z) is continuous on J. Now we
prove that N(u) € BC for any u € BC. For arbitrarily fixed (¢,x) € J we
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have

t

(t— )"t x, s, u(s, x))ds

—_

(Vu)(t,2)] = )u(t )
(T () / / Y1 b — )2 gt a8, y, (s, y) ) dyds
< |u(t @) + m/o (t — )"tz s,u(s,2) — f(t,2,5,0)|ds
1

+ I(ry) /0 (t—s)" | f(t,z,5,0)|ds

1 t b
+ ST / / (t= )=y
L(r)T(r2)

Ig(t T,8,Y,U —g(t,z, s,y,0)|dyds

// )b —y) gl @, s, y, 0)|dyds
7”1 7’2

/ (t — sy q(t, 2, $)luls, 2)|ds

0

< |plt,o)| +

F(T’l)
1 (t— s) 7 Hf(t x,s,0)|ds

T

/ / $) (b= y) Rt s, y)|u(s, y)ldyds
7’1 7’2

// (t—8)" b —y)2 Yg(t,x,s,9,0)|dyds
L(r)L(re)

<@+ g+ (¢ + E)|ul se

Hence N(u) € BC. Let u, v € BC. Using the hypotheses, for each (¢,x) € J,
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we have

[(Nu)(t, ) = (Nv)(t, )|

1 ! ri—1
< F(rl / (t—s) 7 f(t,x,s,u(s,x)) — f(t,x,s,v(s,x))|ds

7"1 1 ro—1
7”1 F 7“2 / / y)

x |g(t,x,s,y,u —g(t, @, s5,y,v(s,y))|dyds
/ (t—s)™ 1q(t x, s)|u(s,z) —v(s,x)|ds

—_

<
7“1

247

/ /t—s“1 W)t 2, 5, ) (s, ) — v(s, y)|dyds
7"1)F

< sup [F( /(t— s)Yq(t, z, s)ds

(t, x)GJ

TR / /t—s“1 Yt 2, 5, ) dyds] [ — o e
7”1 7"2
<

(¢ + k") ||lu—v|Bc-

From (10), it follows that N has a unique fixed point in BC' by Banach con-
traction principle. The fixed point of N is however a solution of equation

(2).

Now, we shall prove the following theorem concerning the estimate on the

solution of equation (2).

Theorem 3.2. Set

d=p" +["+g"
Assume that (Hy) — (H3) and the following hypothesis holds
<H4) Q1>D1Q1 < BC(Jl) and k]_)lel € BC(JQ), where

G(t,x,s) = (t—s)"q(t,z,s)

F(Tl)

and

ki(t,x,s,y) = =———(t — s)”‘l(b — y)”_lk(t, x,8,Y).

(12)



248 S. Abbas and M. Benchohra

If w is any solution of (2) on J, then

lu(t, )| < dPi(t,z) exp< /0 Al(a,a:)d0>; (t,z) € J, (13)
where
Pi(t,x) <exp(Q(t,x)), (14)
i which . .
@) < [ o)+ [ Dante.de]an (15)
and

b t b
Aq(t, ) g/ kl(t,x,t,y)Pl(t,y)dy—l—/ / Pi(s,y)D1ky(t, z, s,y)dyds. (16)
0 0 Jo

Proof. Using the fact that w is a solution of (2) and hypotheses, then for each
(t,z) € J, we have

F(i“l / —8)" L f(t,x,5,0)|ds

t_STl 1 7”2—1
7"1 7’2 // y)

\g(t T, 8,1, u —g(t,x,s,y,0)|dyds

()T (ra) / / )b — )2 g(t, @, s, y, 0)|dyds
F( /(t—s)r1 Yt o, s,u(s,x)) — f(t,x,s,0)|ds

/ / 7”1 1 y)’r’g—l
7"1 7’2

X |g(t, 2,5,y u —g(t,z,5,9,0)|dyds
1 t
§d+—/ t— )" Lyt z, 8)|u(z, s)|ds
o) 0( )"t @, s)|u(z, s))|

1 ! r1—1
jult, x)| < |p(t, )] + 0 /0 (t = )" |f (2, 8,u(s, x)) = f(t,2,5,0)|ds
(t

+

1 t ’ ri—1 ro—1
+m/® /0 (t—s)"(b—y)? k(t,x, s, y)|u(s,y)|dyds. (17)

Now an application of Lemma 2.3, to (17) yields (13).
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Theorem 3.3. Set
d:=f"+g" +p(q¢" + k). (18)
Assume that (Hy) — (Hs) hold. If u is any solution of (2) on J, then
t
lu(t, ) — p(t, )| < dPy(t,x) exp (/ A (o, x)da); (t,x) € J, (19)
0

where Py and Ay are given by (14) and (16), respectively.

Proof. Let h(t,z) = |u(t,z) — p(t, z)|. Using the fact that u is a solution of
(2) and from the hypotheses, for each (¢, x) € J, we have

h(t7x> < P(il) /0 (t - 8)T1_1|f<t7$7 S,U(S,Z‘)) - f(t,:L’, Sau(sﬂx))|ds
+ o =ttt s nts.aplas

/ / rl 1 y)TQ—l
7“1 7"2

]g(t T,8,Y, U —g(t,x, s,y, u(s, x))|dyds

// )b — ) g(t, @, s,y (s, x))|dyds

7”1 7”2

<d+ F—/(t—s) (s, us, ) — f(t 2, s, u(s, x))|ds

t_s’f”l 1 7”2—1
7“1 7"2 // y)

X |g(t,x,s,y,u —g(t,x, s,y, u(s, x))|dyds

3 1 ' ri—1
<d+ ) /0 (t—s)"q(t,x,s)h(x,s)ds

1 t/b .
‘= t—s) N b—y)2 k(t, 2, s, y)h(s, y)dyds. 20
o € e s b s, (20
Now an application of Lemma 2.3, to (20) yields (19).

We next prove under more appropriate conditions on the functions involved
in (2) that the solutions tends exponentially toward zero as t — oc.
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Theorem 3.4. Assume that the following hypotheses hold

(Hs) There exist constants o > 0 and M > 0 such that

u(t, )| < Me™ (21)
f(t,z,s,u) — f(t,z,8,0)] < q(t,z,s)e ) |u—vl; (22)
lg(t, 2,5, y,u) — g(t, 2, 5,y,0) < k(t,z,s,9)e " u—of;  (23)

and f(t,z,s,0) = g(t,s,s,y,0) = 0; for each (t,z) € J, (t,z,s) € Jp,
(t,z,s,y) € Jo, u,v € R, and the functions q, k be as in Theorem 3.1,

(Hg) Sup(;pyes Qu(t, ) < 0o, [ Ai(o,x)do < oo, where Q1 and Ay are given
by (15) and (16).

If w is any solution of (2) on J, then all solutions of equation (2) are uniformly
globally attractive on J.

Proof. From the hypotheses, for each (¢, z) € J, we have that

jult, ©)| < |p(t, z) F(l )/(t— )"t s u(s, @) — f(t 2, s,0)]ds

t_Sm 1 ro—1
7”1 7‘2 // y)

X |g(t,x, s,y,u(s,y)) — g(t,x,s,y,0)|dyds

1 t
< Me ™+ / (t —s)" " Lq(t, x, s)e D u(z, 5)|ds
I'(r1) Jo

1 t b
t— ri—1 h— rgflkt —a(t—s) duds. (24
oo ] = ks e uts gy, (24

From (24), we get

lu(t, z)|e* < M +

fy |, € o7 ettt s

—1 ' ’ ri—1 ro—1 as
+F(r1)F(7’2)/0/0(t_8) (b—1y) k(t,x,s,y)e*|u(s,y)|dyds.  (25)
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Now an application of Lemma 2.3 to (25) yields
¢
lu(t, z)]e® < MPy(t, r) exp </ A (o, x)da); (t,x) € J. (26)
0
Multiplying both sides of (26) by e™** and in view of (Hg), we get

t
lim |u(t, )| < lim M P;(t, z)exp ( —at +/ A (o, x)da) = 0.
t—ro0 t—o0 0

Hence, the solution u tends to zero as t — oo. Consequently, all solutions of
equation (2) are uniformly globally attractive on J.

4. An Example

To illustrate our results, we consider the following partial integral equation of
Riemann-Liouville fractional order of the form
et 1
= +
1+¢+ 22 F(T 1

u(t, x)

] /0 (t —s)" 7 f(t,z, s,u(s, x))ds

t 1
+F()1F() /0 /0 (t— sy (1= )" gt x5,y u(s, y))dyds; (t,2) € Ry x [0,1],

(27)
where 71,79 € (0,00),

ft,m,s,u) = ﬁtﬂnls—%lsinssint
2oL+ D+ o)
f(t7x707u> = f(O,:L',O’u) — O’

 for(t,z,s) € Jy, st # 0andu € R,

Ji={(t,2,5):0<s<t<oo, ze0,1]},
(1) INEE

2 2

c:= + ,
F(%—l—rl) F(%+7’1)F(1+7“2)

1 1 1
st YT

2¢(1 4+ t72)(1 + |ul)
9(t,2,0,y,u) = g(0,2,0,y,u) =0,

g(t7m73ay7u): ;fOT(t,ZE,S,:y) S J27 St#oandueRv
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and
Jy={(t,z,s,y): 0<s<t<oo, z€[0,1], y€[0,1)}.
Set o
t =——: (¢ J.

We can see that the function p is continuous and bounded with p* = e.
For each u,v € R and (¢,z,s) € J;, we have

1

_ <x2t_”8_%| sin s sint|> lu — v,
2c(1+1t72)

|f(t,$78,U) - f(t7xasav)| <
and for each u,v € R and (¢, z, s,y) € J3, we have
]. 1 1
g t7x787y7u —4g t7x757y7v S 1 (tir1575617y7t7§7?> u — v|.
975,00 =gt 5,00 < s u—
Hence condition (Hj) is satisfied with
1 2 1 . .
q(t,z,s) = ————— (x t sz smssmt> ; st # 0,
(t,,5) 2c(14t77) | |
Q(t7 l’, O) = q(07x7 O) - 07

and condition (H3) is satisfied with

1
2c(1 +172)
k(t,z,0,y) = k(0,2,0,y) = 0.

1
t

k(t,x,s,y) = (t_rls_%ez_y_t_%—

);st#(%

We shall show that condition (10) holds with b = 1. Indeed

1 t
— t—s)"g(t, z, s)ds
o | et
1 ! 1.2, —3%
< - (t—s)att s 2ds
2¢(1+t72)(ry) Jo
1
— ‘,L.Qt_rlt_%'f‘rl F1(2>
20(1 + t_E)F(E + 7‘1)
INE
S G
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then )
< I'(3)
= 2c0(3 + 1)
Also,
_ /t /b(t — )" b —y)2 k(t, 2, 5, y)dyds
U(r)T(r2) Jo Jo Y
1 [ [e-orta—yymenss
< t—s)t (1 —y)?t s 2e"dyds
2¢(1 4+ t72)0(r))T(r2) Jo Jo
! NG
< et - 1<2>
2c(1 +t72)0(5 +7)I(1 + 7o)
_1
< 1F(%)et 2 |
2c(1+t72)0(5 + )1+ 72)
then )
k< el'(3)
T 2e0(E 4+ )1+ 1)
Thus,
1 I INE 1
q*+k:*§—( 1(2) + = (g)e ):_<]~7
2C F(§ + 7’1) F<§ + 7”1)1—‘(1 + 7“2) 2

which is satisfied for each ry, 7, € (0,00). Consequently Theorem 3.1 implies
that equation (27) has a unique solution defined on R, x [0, 1].
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Abstract

In the present investigation our main objective is to find coefficient
estimates, sufficient condition for the function f(z) € A to belong to
the class R’ (A, B) and finding connections between the classes R (A, B)
and k — UCV by making use of the Hohlov operator [5] .

Keywords and Phrases: Analytic functions, Subordination, Schwarz func-
tions, Gaussian Hypergeometric functions, k — UCYV functions, Starlike func-

tions, Convex functions, Univalent functions.

1. Introduction

Let A denote the class of functions of the form

f(2) :z+Zakzk. (1.1)
k=2

which are analytic in the open unit disk U= {z: 2 € C and |z| < 1} and S
denote the subclass of A that are univalent in U. A function f(z) in A is said

*2000 Mathematics Subject Classification. Primary 30C45.
tE-mail: deepakbansal_79@Qyahoo.com
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to be in class 8* of starlike functions of order zero in U, if & < e ))> > 0 for

z € U. Let K denote the class of all functions f € A that are convex. Also,
f is convex if and only if zf’(2) is starlike. A function f € A is said to be
close-to-convex of order a (0 < o < 1) with respect to a fixed starlike function

g € §* if and only if R (%) > « for z € U. For more details about these

classes see [3]. Furthermore, f € A, then f € k —UCV iff

i S [0

ZENRNTe
The class k — UCY was introduced by Kanas and Wisniowska [6], where its
geometric definition and connection with the conic domains were considered.
In particular 0 — UCVY = K.

If f,g € H,where H denote the class of holomorphic functions on unit
disk U, then the function f is said to be subordinate to g, written as f(z) <
g(z) (z € U), if there exists a Schwarz function w € H with w(0) = 0 and
lw(z)] <1 (2 € U) such that f(z) = g(w(z)).

In particular, if ¢ is univalent in U, then we have the following equivalence:

f(z) < g(z) < [f(0) = g(0) and f(U) C g(U).

The Gaussian hypergeometric function defined by the series

' (€U, 02k < o0). (1.2)

o Fi(a,b;c;2) = Zanb (1.3)

(c)n(1)

3

n=0

is analytic in the unit disk U. It arises naturally in the study of second order
linear differential equations with regular singular points. In (1.3), (a)y =
for a # 0 and for each positive integer n, (a), = a(a +1)...(a + n — 1) is the
Pochhammer symbol. To avoid division by 0, the parameter ¢ in (1.3) should
be neither zero nor a negative integer. If a or b is 0 or a negative integer, then
the power series reduces to a polynomial . Results regarding o Fj(a,b;c; 2)
when R(c — a — b) is positive, zero or negative are abundant in the literature.
In particular when (¢ — a — b) > 0, the function 5F(a, b;c; z) is bounded.
This and the zero balanced case (¢ — a — b) = 0 are discussed in detail by
many authors (see [9, 13]). For interesting results regarding R(c —a — b) < 0,
see [14].

The hypergeometric function o F}(a, b; ¢; ) has been extensively studied by
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various authors and play an important role in Geometric Function Theory.
It is useful in unifying various functions by giving appropriate values to the
parameters a, b. and c. We refer to [2, 4, 10, 13] and reference therein for some
important results.

The normalized hypergeometric function z5Fj(a, b; ¢; z) has a series expan-
sion of the form

a bnln

z29F(a,b;¢;2) = 2z + Z (1.4)
n=2

Cn— ]-nl

Consider the convolution operator by taking the convolution between functions
f(2) of the form (1.1) and a normalized hypergeometric functions of the form
29 F1(a, b;¢; 2):

Hopo(f)(2) = 22F1(a,byc;2) x f(2) = 2+ Z Manz”, (1.5)

(©)n-1(1)n1

which was investigated by Hohlov [5]. This three-parameter family of opera-
tors given by (1.5) contains most of the known linear integral or differential
operators as special cases. In particular , if « = 1 in (1.5), then Hy . is the
operator L(b, c) due to Carlson and Shaffer [2] which was defined by

L(b,0)(2) = 2oFa(1, b 2) = f(2). (L6)

Note that z9F1(1,b;¢; 2) = ¢(b; ¢; ) is known as incomplete beta function.
In particular, the restriction b = 14 §,¢ = 2+ ¢ with ® § > —1 on the
operator L(b, c)f(z) gives the Bernardi operator

1

B(;(f)(z):£(6+1,5+2)(f)(z):(1+5)/t51f(tz)dt, (1.7)

0

which reduces to the Alexander and Libera transforms, respectively, for § = 1
and 0 = 2. It is interesting to note that these operators are all example of the
zero-balanced case R(c —a —b) =0 in Hyp.(f)(2).

Throughout this work, we frequently use the well-known formula

I'(c—a—0b)(c)

filebial) = 5= o re— o)

(R(c—a—10)>0,ce C\Z). (1.8)



260 Deepak Bansal

Motivated by the class introduced by Swaminathan [16], Bansal [1] intro-
duced the class RI(A, B) as follows:
Definition 1.1. Let 0 < v < 1, 7 € C\ {0}. A function f € A is in the class
RI(A, B), if

1+ Az
1+ Bz

1+%(f’(z)+72f”(z)—1) < (-1 B<A<1;z€U), (19

which is equivalent to saying that

f'(z) +yz2f"(z) - 1
T(A_B)_B(f/<z)+’)/2f”(2)—1) <L (110)

We list few particular cases of this class discussed in the literature
1] RI(1-28,-1) = RI(B) for 0 = B < 1, 7 = C\ {0} was discussed recently
by Swaminathan [16].

2] The class RI(1 — 283,—-1) for 7 = e"lcosn where —7/2 < n < 7/2 is
considered in [11] (see also [12] ).

[3] The class R7(0,—1) with 7 = e"cosn was considered in [7] with reference
to the univalency of partial sums.

[4] f e RS"*(1 — 23, —1) whenever zf(z) € PJ(f3), the class considered in
17].

%or] geometric aspects of these classes see the corresponding references.

Our main objective in the present paper is to find coefficient estimates,
sufficient condition for the functions of the form (1.1) to belong to the class
RT(A, B) and finding connections between the classes R7(A, B) and k —UCV
by making use of the Hohlov operator defined by (1.5). Each of the following

lemmas will be required in our investigation.
Lemma A. (See [15]). Let

—1+chz”<1+ZCz = H(z) (z € U). (1.11)

If the function H is univalent in U and H(U) is a convex set, then

leal <11 (1.12)
Lemma B. (See [6]). Let f € A be of the form (1.1). If for some k(0 = k <
00), the following inequality:

1
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holds true, then f € k —UCYV. The number k_iZ cannot be increased.

Lemma C. (See [8]). Let —1 < By < By < Ay £ Ay £ 1, then

1+ Az . 1+ Ayz
1+ Biz 1+ Bsz

(z € U).

2. Main Results

We first give the following result related to the coefficient of f(2) € RI(A, B).
Theorem 2.1. Let f(z) € Ais of the form (1.1). If f(z) is in RI(A, B), then

71 (A~ B)
oo M EMD. (2.1)

Proof. If f(z) of the form (1.1) belongs to in R7(A, B), then by definition

la,| =

A
1+%(f’(2)+’yzf”(z)—1) < 1182 =h(z) (1S B<A<1;z€U), (2.2)

where h(z) is obviously convex univalent in U under the stated conditions on
A and B. Using (1.1) and doing Binomial expansion of (1 + Bz)™! in (2.2),
we have

L+ 2(f1(2) + 727" ()~ 1)

=14 Y @) o <14 (A~ B)z — B(A— B)2* +..(z € V).

n=1

Now, by applying Lemma A we get the desired result. O

It is easy to find the sufficient condition for f(z) to be in R7(A, B) under
standard techniques. Hence we state the following result without proof.
Theorem 2.2. Let f(z) € A. Then a sufficient condition for f(z) to be in
RI(A, B) is

> nll (e Dl < = (23

The result is sharp for the function
7| (A - B)
n[l+~mn—-1](1+|B])

f(z)=z+ 2" (n € N\{1}) (2.4)
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Remark 2.1. For B=—1and A=1-25 (0= 8 < 1) Theorem 2.1 and 2.2

gives corresponding result of [16].
Theorem 2.3. Let —1 < By, < By <A S Ay, <1 . Then

R7(Ay, B)) C RI(As, By). (2.5)
Proof. Let f € R](A;, By) then by Definition 1.1 of the class f € RI(A;, By)
we have

1 / " _ l—l—Alz
1+7_(f(z)+72f (2)—1) < 5B

Since —1 £ By < By < A1 £ Ay <1, by Lemma C, we have

1+A12’ < 1—|—A22
14+ Bz 14 Byz

L () + ()~ 1) <

Which implies that RT(Ay, B1) C R (A, By). O
Theorem 2.4. Suppose that a, b € C\{0} and R(c) > |a|+[b]. If f € RI(A, B)

and the inequality
|B| + 2

|B| +1

holds true, then z oFy(a,b;c; 2) * f(2) € RI(A, B).
Proof. Using Theorem 2.2 and (1.5) it is sufficient to prove that

Zn +y(n —1)] E

n=

21 ([al, [0 R(c); 1) = (2.6)

dnl =" | B

Applying Theorem 2.1, for f € RI(A, B) , we have

. (@)1 (b)y
an—i—’y n—1)] RN

n=

lan] £ |7(A = B) (<3|:(|2;);1_<1|?|1>£__11

n=

7|(A — B)

= |7|(A — B) [oF1 (Ja|, |b]; R(c); 1) — 1] < | EES (In view of(2.6)).0

fweset vy =0,B=—-1A=1—-2a (0= o< 1) and 7 =1, we get
the functions in the class R (A, B) satisfying the analytic criterion R(f’) > a

which implies that f(z) is close-to-convex of order av with respect to the starlike
function ¢g(z) = z. Hence the following result is immediate:
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Corollary 2.1. Suppose that a, b € C\{0} and R(c) > |a| + |b|. If f € A of
form (1.1) satisfying R(f") > «, and the inequality

T(R(c) = la] = [b)T(R(c))
PR(c) = a)T(R(c) = b)

A

g (2.7)

holds true,then z o Fy(a,b; c; z) * f(2) is close-to-convex of order o with respect

to the starlike function g(z) = z.
Theorem 2.5. Let a,b,c and ~ satisfy the hypergeometric inequality

(1+2y)lab] v(lal)2(]b])2 .
Rle) —la| = o =1 = (R(e) — la| = [b] = )(R(c) — |a] = [b] = 2)

2Fi(|al, [b; R(c); 1) |1+

< |7[(A=B)

< 2.8
- |B|+1 (2:8)
with a, b € C\{0} and R(c) — |a| — |b| =2 > 0. Then z 2Fi(a,b;c; z) is in
RI(A,B) .
Proof. Using Theorem 2.2 it is sufficient to prove that
- (@) 1)y |  |7](A— B)
n[l+y(n—1)] <
; (C)n—l(l)n—l Bl +1

It is easy to see that, the left hand side of the above inequality is

(@)1 (0) 4

(€)1 (D s

(@)n1(0), 4
(€)1 (D)yy

= (Jau-s (18], jabl = (Ja] + Da([b] + 1)
> s 2R 2 @ + el

(laDa(1b) & (lal + 2)u-s(1b] + s
R 2= )+ DurDs

_ N (1 + 29)]ab| ~(la)2(b)s )
‘”HW““WWDP+m@—M—w—1 m@—m—w—nm@—w—w—m]

S:Zn[l—l—’y(n—l)]

n=2

=2 [+ L+ )= D+ 9= (- 2)

A

n:2

+y

(In view 0f(2.8)).0
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Ifweset y=0,A=1—-20 (0= a<1),B=—1and 7 =1 in Theorem
2.5, we get the following result:
Corollary 2.2. Let a, b and c satisfy the hypergeometric inequality

|ad]

2F1(|al, [0]; R(c); 1) |1+ R(c) — |a] — |b] — 1

<2-aq, (2.9)

with a, b € C\{0} and R(c — |a| — |b| — 1) > 0, then, z oFi(a,b;c;z) is
close-to-convex of order a with respect to the starlike function g(z) = z. O
Theorem 2.6. Suppose that a, b € C\{0}, |a| # 1,]b] # 1,R(c) # 1 and
R(c) > |a| + |b].

If f € R{(A, B) and, for some k (0 £ k < 00), the inequality

R(c) —1

2F1([al, [b]; R(c); 1) — (Ja] = 1)(]o] = 1)

(2Fi(laf = 1,]b] = 1;R(c) — 1;1) — 1)

< 1

~ |7[(A=B)(k+2)
holds true, then zoFi(a,b;c;z) % f(z) € k —UCV.
Proof. For f € R](A, B) of form (1.1), by applying Theorem 2.1, we have

(@), 1(b), 4
(€)1 1),y

(2.10)

0l A ) (s
ol £ 3 R(ED)a (1),

= (la]), (b)), < (lal), (18]},
=IMA=B Y o i~ A= B Z D,

n=

R(c) —1
(la] = 1)(|b = 1)
Finally, if we make use of (2.10) in above, we find that

inn—l

n—=

=[7[(A-B) {2F1(|a7 [b; R(c); 1) — (2Fi(lal = 1,[b] = L R(c) = 1;1) = 1)| .

T 0=k <o00),

which, in view of (1.5) and Lemma B, immediately proves the inclusion prop-
erty asserted by Theorem 2.6.0
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by R. M. Ali, S. Nagpal and V. Ravichandran [Second-order differen-
tial subordination for analytic functions with fixed initial coefficient,
Bull. Malays. Math. Sci. Soc. (2) 34 (2011), 611-629] and applied to
obtain several generalization of classical results in geometric function
theory. In this paper, further applications of this subordination theory
is given. In particular, several sufficient conditions related to starlike-
ness, convexity, close-to-convexity of normalized analytic functions are
derived.

Keywords and Phrases: Analytic functions, Starlike functions, Convex
functions, Subordination, Fized second coefficient.

1. Introduction

For univalent functions f(z) = z+ >~ , a,z" defined on D := {z € C: |z| <
1}, the famous Bieberbach theorem shows that |as| < 2 and this bound for the
second coefficient yields the growth and distortion bounds as well as covering
theorem. In view of the influence of the second coefficient in the properties
of univalent functions, several authors have investigated functions with fixed
second coefficient. For a brief survey of the various developments, mainly on
radius problems, from 1920 to this date, see the recent work by Ali et al. [2].
The theory of first-order differential subordination was developed by Miller
and Mocanu and a very comprehensive account of the theory and numerous
applications can be found in their monograph [9]. Ali et al. [4] have extended
this well-known theory of differential subordination to the functions with pre-
assigned second coefficient. Nagpal and Ravichandran [10] have applied the
results in [4] to obtain several extensions of well-known results to the functions
with fixed second coefficient. In this paper, we continue their investigation by
deriving several sufficient conditions for starlikeness of functions with fixed
second coefficient.

For convenience, let A, denote the class of all functions f(z) = z+bz""+
Upi22" 2 + -+ where n € N = {1,2,...} and b is a fixed non-negative real
number. For fixed > 0, and n € N, let H,,,, consists of analytic functions p
on D of the form

p(z) =1+ pz" +ppz"™ +--- (2 €D). (1.1)

Let €2 be a subset of C and the class ¥, ,[Q2] consists of those functions 1 :
C?* — C that are continuous in a domain D C C? with (1,0) € D, ¥(1,0) € Q,
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and satisfy the admissibility condition: (ip,o) ¢ Q whenever (ip,o) € D,
p € R, and

o< —% (n+31—5> (1+ p2). (1.2)

When Q = {w : Rew > 0}, let ¥, ,, = ¥, ,[Q]. The following theorem is

needed to prove our main results.

Theorem 1.1. [4, Theorem 3.4] Let p € H,, with 0 < p < 2. Let¢p € ¥, ,
with associated domain D. If (p(z),zp'(2)) € D and Rey(p(2), zp'(z)) > 0,
then Rep(z) > 0 for z € D.

For o # 1, let

§(a) = {feA: 2f(2) 1—1—(1—204)2’}.

f(2) B 1—2z

The function p,(2) := (14+(1—2a)z)/(1—2) maps D onto {w € C: Rew > «a}
for « < 1 and onto {w € C : Rew < a} for @« > 1. Therefore, for a < 1,
S*(«) is the class of starlike functions of order « consisting of functions f € A
for which Re(zf'(2)/f(z)) > a. For a > 1, §*(«) reduces to the class M(«)
consisting of f € A satisfying Re(zf'(2)/f(2)) < a. The latter class M(«)
and its subclasses were investigated in [3, 15, 22, 25, 26]. For 0 < a < 1,
S*(a) consists of only univalent functions while for other values of «, the class
contains non-univalent functions. Other classes can be unified in a similar
manner by subordination.

Motivated by the works of Lewandowski, Miller and Zlotkiewicz [5], several
authors [7, 8, 11, 15, 13, 14, 17, 18, 19, 23, 27| have investigated the functions
f for which zf'(2)/f(2)- (azf"(2)/f'(#) + 1) lies in certain region in the right
half-plane. For @ > 0 and /8 < 1, Ravichandran et al. [21] have shown that a
function f of the form f(2) = z + a, 12" + - - - satisfying

Re (Z;ES) <azj{/;(;)> v 1)) > af (6 n g . 1) + 8- % (1.3)

is starlike of order . In the first result of Theorem 2.1, we obtain the corre-
sponding result for f € A,,.

For function p of the form p(z) = 1+ p12 +pe2® +- - -, Nunokawa et al. [12]
showed that for certain analytic function w, with w(0) = a, ap?(2)+Bzp'(z) <
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w(z) implies Rep(z) > 0, where f > 0, a > —(3/2. See also [20]. Lemma 2.6
investigates the conditions for similar class of functions.
For complex numbers 3 and +, the differential subordination

2q'(2) B
q(2) + ORI h(z),

where ¢ is analytic and h is univalent with ¢(0) = h(0), is popularly known
as Briot-Bouquet differential subordination. This particular differential sub-
ordination has a significant number of important applications in the theory
of analytic functions (for details see [9]). The importance of Briot-Bouquet
differential subordination inspired many researchers to work in this area and
many generalizations and extensions of the Briot-Bouquet differential subor-
dination have recently been obtained. Ali et al. [1] obtained several results
related to the Briot-Bouquet differential subordination. In Lemmas 2.2 and
2.5, the Briot-Bouquet differential subordination is investigated for functions
with fixed second coefficient.

2. Subordinations for starlikeness and univa-
lence

For 8 # 1, Theorem 2.1 provides several sufficient conditions for f € S*(5); in
particular, for 0 < § < 1, these are sufficient conditions for starlikeness of or-
der . Theorem 2.2 is the meromorphic analogue of Theorem 2.1. Theorem 2.3
gives sufficient conditions for the subordination f'(z) < (1+(1—26)z)/(1—2)
to hold. For g = 0, this latter condition is sufficient for the close-to-convexity
and hence univalence of the function f.
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Theorem 2.1. Let a >0, >0, 8#1, and 0 < p=nb < 2. Let 01, 9o, 03
and 64 be given by

01 = _%(1 - B) <n—|— 3_7_—'5) + (1 —a)B+af?,
— K
0y =—5(1=75) (n‘i‘m) + 05,
5 ) A (n+52)+8,  if 0<B<d,
5=
=) (n+52)+6, if 1<8,
5 — 2(1_—65) (”+§I—5>7 if 0<pB<i,
31— 5) <n+§%;> if 1<g.
If f € A, satisfies one of the following subordinations
z2f'(2) [ zf"(2) 1+ (1—26)z
/() (a 7o) 1) N (21)
zf'(2) 2f"(z)  z2f'(2) 1+ (1—265)z
f(2) (2 NCNE ) STi—z (22)
2f'(2) zf"(2) 1+ (1 —283)z
(1—&)m+a(1+ f’(z))—< 1—> 5 (23)
2f"(z)  zf'(2) 2042
YR T (1 24)

then
2(2) 1+ (1-29):
f(2) 11—z

Our next theorem gives sufficient conditions for meromorphic functions to
be starlike in the punctured unit disk D* := {z € C: 0 < |z| < 1}. Precisely,
we consider the class Y, , of all analytic functions defined on D* of the form

1
f(z)= ~ + 02"+ a2 (Z0).
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Theorem 2.2. Let a >0, >0, 8#1, and 0 < p=—(n+1)b < 2. Let 4y,
09, 03 and &4 be given by

o = —%(1 - p) (n+ ;_T_—Z) +(1—a)f+ap?
0y = —%(1—6) <n+§1—Z> + B,
[ mS (e B s i 0s<ssy,
ol ma-n () v if b<s,
. 2(1‘—_55)<n+;:—5>, if 0<pB<i,
Tl Ra-s(nr ). i <
If f € X, satisfies one of the following subordinations
2f'(2) (o, 2f'(z)  zf"(2) 1+ (1—201)z
o (g e ) s e
_z2f'(2) ( 2f"(2) zf’(z)) 1+ (1—209)2
o e m ) e B
2f"(2) zf'(z) 14+ (1 —203)z
o (1) e g < 27)
zf"(z)  zf'(2) <_2(54,2 (2.8)

2y f2) ==z

then
_z2f'(2) 1—|—(1—25)z.

f(2) = 1—=2
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Theorem 2.3. Let « > 0, >0, 8 # 1, and 0 < p = (n+ 1)b < 2. Let
01, 02, 03 and d4 be given as in Theorem 2.1. If f € A, satisfies one of the
following subordinations

7(2) {a (Zf"(z) Ff(z) — 1) + 1] L1+ =20z (2.9)

f'(z) 1—2
oo < 1028 o
az}i/;(;)) +f(2) < %}253)2, (2.11)
Z]J:,/;S) =< —12%‘22 (2.12)
then fioy < L (11_—,225);

The proof of these theorems follows from the following series of lemmas.

Lemma 2.1. Fora>0,3>0,8#1,7v>0, and 0 < pu <2, let

§ = —%(1 - B) (n+§—_i-—5) +(1— )+ ab

If p € H,n satisfies the subordination

1+ (1—-29)z

2.13
1—z 7 (2.13)

(1= a)p(z) + ap®(2) +vzp'(2) <

then
1+ (1—28)z
1—2 )

p(2) <

Proof. Let 0 < 8 < 1. Note that ¢ given in the hypothesis clearly satisfies
9 < 1. Define the function ¢ : D — C by ¢(z) = (p(z) — 8)/(1 — ). Then ¢ is
analytic and (1 — f)q(z) + 8 = p(z). By using this, the inequality (2.13) can
be written as

Re [(1 - B)(1 - a+2aB)q(z) +a(l - B)*¢*(2)

+y(1 = B)2¢' (2) + (1 —a)B +aB* — 4| > 0.
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Define the function 1) : C*> — C by

W(r,s) = (1= B)(1 - a+2aB)r +a(l— B)2r2 + (1 — B)s+ (1 — a)B+af’ -0,

For p € R, n > 1 and o satisfying (1.2), it follows that

Re 4 (ip, o)

=Re[(1 - B)(1 —a+2aB)ip—a(l—B)%p* + (1 - B)o + (1 —a)B +af? - 4]

=7(1=B)o —a(l=p)p*+ (1 - ) +af* o

<2-8) |5 (n4 550 ) 04| —ali= 922 + (- )+ g =5

24+ p

——20-p) (0 371 ) () -t B2+ 1) +alL - 67

+(1—-a)f+ap?>—46

) [20-8) (0 555) +at- 7]

2+
+a(l-B2+(1-a)f+aB>-6
<-2(1-8) (n+§;/}j> +(1—a)f+af? -

Hence Re(ip,0) <0, or ¢p € ¥, ,,. By Theorem 1.1, Req(z) > 0 or equiva-

lently Rep(z) > . For > 1, the proof is similar.

Lemma 2.2. For >0,5#1,v>0, and 0 < pu <2, let

Y 2—p
5._—5(1—5) <n+—2+u) + 8.

If p € H,n satisfies the subordination

1+ (1 —29)z

/
<
p(2) +v2p'(2) P

then
1+ (1—26)z

p(2) = ——7—

Proof. Replace @ =0 in Lemma 2.1 to yield the result.
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Lemma 2.3. Fora>0,3>0,8#1, and 0 < pu <2, let

i 2$%<n+iﬁ%%%:®, if
30-8) (n+ ) +8:=0, if

o
A
= @
A
N

N =
IN

If the function p € H,, satisfies the subordination

2p'(z) - 1+ (1-20)z

M@+ap@) 1>

(2.14)

then
14 (1 —25)z

1—=z2

p(2) <

Proof. Let 0 < g < 1. Asin the proof of Lemma 2.1, let ¢ : D — C be given
by q(z) = (p(z) — 5)/(1 — ). Then inequality (2.14) can be written as

a(l -5

Re [(1 = P)q(z) + 6+ 1= ) + ﬁzq’(z) — 4| >0. (2.15)
Define the function ¢ : C* — C by
W(r,s) = (1 —0B)r ¥3+5—5,

T By

Then Re(q(z), 2¢'(2)) > 0 and Re(1,0) > 0. We now show that ¢ € U, ,,.
For p € R, n > 1 and o satisfying (1.2), it follows that

Re(ip,0) = Re [(1 — B)ip+ %0 + 5 - 5}
vl g @805 a(— )i
-t {(1 et a2’ B a- g TP 5}
B8

- +ﬁ(<11_%);p2{ 3 (nt3a) @] +o-0
_52 +(1 =82 | 2 2+ p

ﬁ( 2+u>< +ZT2Vﬁ>+5‘&
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For 1/2 < f3, the expression

1+ p?
71—

attains minimum at p = 0 and therefore

Rev(ip,0) < —“75(1 _8) (n+ 31—5) %m _ 4,
—

(1-75) (n+2_—u)+ﬁ—51.

"2 2+

Hence Ret(ip,0) <0,0r ¢ € U, ,,.
For 0 < 5 <1/2,

, af 2— 1 1
R < ——(1-— —0
oUlip.0) < ~G-5) (n4 370) g kA,
—af 2—p
= (n+—")+B— b
i () o
Hence Re(ip,0) < 0 or ¢p € ¥, ,,. Thus Theorem 1.1 implies Re¢(z) > 0 or
equivalently Rep(z) > 8. The proof of the case § > 1 is similar. O

Lemma 2.4. For >0, 8# 1 and 0 < p < 2, let

-8 2 .
5 - —2(1—5) (n + #}j) y Zf 0 S

If the function p € H,,, satisfies the subordination

2p'(z) | 202
pz) 1z
then L4 (1 28)
+ (1 = z

Proof. We consider the case 0 < 8 < 1. The case 8 > 1 is similar. Let

q(z) = (p(2) = B)/(1 = B) or (1 = P)q(z) + = p(z). Then

A (- B)(2)
(=) (- Bla(z) +F (2.16)
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Define ¢ : C? — C by
__(@=h)s
¢(T78)_ (1_5)T+B

Then #(r, s) is continuous on (C — {—3/(1 — 5)}) x C. For p € R, n > 1 and
o satisfying (1.2), it follows that

Rew(ip.) = Re (0o o)

1—B)ip+ 8
:Re( pA-p) (1—8)%p 0_5)
P+A=ppe 2+ (1-p)p?
B - p) 5
+(1-p22’
5( — ) 1 2—p | _
_62+( B)W[ ( +2+u>(1+p>] ’

- (“ 2+u> (62+1<1+—p26)2p2> 0

1+ p2
B2+ (1 - B)*p?

attains its minimum at p = 0 and therefore

Rewlip.o) < ~50-5) (n+3724) -0
-1

= 5505 (n+§+—5)—5.

Hence Re ¢ (ip,0) <0,0r ¢p € U, ,,.
For 0 < 5 <1/2,

Rew(ip.o) < ~5 (1) (n+2_5) : L s
“a ()

Hence Re ¢ (ip,0) <0, or ¢p € ¥,,,,. Thus Theorem 1.1 implies Reg(z) > 0 or
equivalently Re p(z ) B. ]

For 1/2 < f3, the expression
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Lemma 2.5. Fora>0,5>0,8#1,v>—af and 0 < pu < 2, let
S (n+%2)+8, if 72al-28),
FEE (n+ B) + 8, if v<al-20).
If the function p € H,, satisfies the subordination

2p'(2) 1+ (1-20)z
p(ZHap(Z)Jrv R g

Y

then

14 (1 —20)z
1—2 '

p(2) <

Proof. We consider the case 0 < § < 1. The case § > 1 is similar. Define

q(z) = (p—B)/(1 = B) or (1 —B)g+ B =p(z). Then

CCE) Cind2)
p(z)Jrap(z)Jrv*(l Pl )+B+a[(1—ﬁ)Q(z)+5

Define ¢ : C? — C by

T fyzq’(z). (2.17)

(1-5)
(1=pB)r+ab+y

Thus 9 (r, s) is continuous and for p € R, n > 1 and o satisfying (1.2), it
follows that
(1-5)

Rey(ip,0) = Re {(1 — B)ip+ a(1—B)ip+aB+

B (1-8)(aB+7) ot B
B = e
(1-8)(aB+7) [ 1<n 2—p
T (@f )Pt a1 =gt | 2
—1 2—p
:7(1_/3>(045+7) (n+2+ﬂ> ((aﬂ+7)2+a2(1—5)2p2> +B—5

For v < a(1 — 25),

U(rs) = (L= B)r + s+8-3

0—1—5—(5]

. -1 2—pu 1
Rew(ip.o) < 5= B)(as+9) (n+ 552 ) o 8-
_—1(a6+7)< 2—p

= S () HEe
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Hence Re(ip,0) <0,0r ¢p € U, ,,.
For v > a(1 — 2f3), the expression

1+ p?
(@B +7)? + (1 - §)?p?

attains minimum at p = 0 and therefore

—1 2 — 1
Rew(ip,) < (1= 0)(as+) (n4 514 ) ot -
-1 (-5 2—p B
- 2 (af+7) (n+2+u>+ﬁ >

Thus Rey(ip,0) <0, or ¢ € ¥, ,,, and result follows from Theorem 1.1. [

Lemma 2.6. For >0, 8 # 1, v > 0, and 0 < pu < 2. If the function
p € H,n satisfies the subordination

P(e) + () < TELE 2 219
where
5= —%(1 _B) (n+ ;;—5) + 2,
then
p(2) < 1+ (11:Z25)z

Proof. We consider the case 0 < < 1. The case § > 1 is similar. Define

q(z) = (p(z)—B)/(1 =) or (1—B)q(z)+ B = p(z). Using this it can be shown
that inequality (2.18) can be written as

Re [((1 = B)q(2) + B)* +~(1 — B)z¢'(2) — 8] > 0.
Let 1 : C?> — C be defined by

U(r,s)=[(1—B)r+ B> +~(1—pB)s — 4.
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For p € R, n > 1 and o satisfying (1.2), it follows that

Re(ip, o)
=Re [((1 = B)ip+ B)* +~(1 — B)o — 4]
= —(1=p)?p*+ 2 +~y(1 - pB)o -6

<2 -8) |5 (n4 50 (e ) 40 =92 -0

2= (0 5 ) G = (1= B 1) (- BP0

\)

=) [J0-9) (ne 350) 02|+ g o

S_

ro 2

(1-5) (’”;I—ZL)”Z_&

Hence Re(ip,0) <0, or ¢ € ¥, ,, and Theorem 1.1 implies Reg(z) > 0 or
equivalently Rep(z) > . O

Proof of Theorem 2.1. For a given function f € A, let the function p :
D — C be defined by p(z) = zf'(z)/f(z). Then computation shows that
p(z) =14+nbz" +--- € H,, where i = nb. Further calculations yield

zf'(z) [ z2f"(2) L aio(s) 4 () & o (=
/() (af’(z) “>—<1 )p(2) + ap*(2) + azp/(2),

2f'(2) (2 n zf"(z) zf/(z)) = p(2) + 2p/(2),

f(2) i) f(2)
G N U (G N &
- +e (1) =re v
2f"(2)  2f'(z) _ 2p'(2)
YRR TR e
Hence the result follows from Lemmas 2.1-2.4. O

Proof of Theorem 2.2. Let f € X, ;, and define the function p : D — C
be defined by p(0) = 1 and p(z) = —zf'(2)/f(z) for z € D*. Then p(z) =
1—(n+1)bz""t+.-- € H,, with u = —(n+ 1)b. Simple computations shows
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that

() [, Q) )
) (2“ e YT 1)
CLPG) (L) ()
1) (“ ) fG

SNy G )
O‘(“ff@)) (+ )"y =2) + ’
) D) ()

ST N oo M e

Hence the result follows from Lemmas 2.1-2.4. O]

Proof of Theorem 2.3. For f € A,,, let the function p : D — C be defined
by p(z) = f'(z). Then p(z) = 14 (n+ 1)bz" + (n + 2)an 422" + -+ € Hyn
with p = (n + 1)b. Also, we have the following:

7o) (o (L + 1= 1) +1) = (1= ) + ap?(e) + s )
F1() + () = plz) + azp(2),

17 L ) a2

e p(z)
") ()
f'(2) p(2)
Hence the result follows from Lemmas 2.1-2.4. OJ
Remark 2.1.

(i) For § = 0, the condition (2.9)-(2.12) gives a sufficient condition for
close-to-convexity and hence for univalence.

(ii) If g = 2, result (2.1) reduces to [21, Theorem 2.1]. If x = 2, and
f'(z) is considered as f(z)/z, result (2.10) reduces to [21, Theorem 2.4].
Inequality (2.11) reduces to [24, Theorem 2, p. 182] in the case when
pw =2 n=1and g = 1/2. Furthermore, if px = 2, n = 1 and § =
(v +1)/2, result (2.12) reduces to [16, Theorem 1].
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